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ABSTRACT

A frequency capture phenomenon in which the dominant response frequency of the downstream cylinder is the same as that of the upstream
cylinder despite the differences in their physical characteristics was recently experimentally identified. The mechanism of this phenomenon
is investigated by flow around two cylinders with unequal diameters undergoing flow-induced vibrations (FIV) using the open-source code
OpenFOAM. Two FIV systems, a large stationary/vibrating upstream cylinder and vibrating downstream cylinder, are used for the simula-
tion. The cylinders are free to vibrate in both the in-line and cross-flow directions. The forgetting factor least squares algorithm is applied for
the time-varying excitation mechanism analysis. Simulation results show that the response of the downstream cylinder has a larger amplitude
and contains multi-frequency components than the vortex-induced vibration of an isolated cylinder, making its trajectory more complicated.
Simulations confirm that the frequency capture phenomenon is induced by the action of the upstream shedding vortex on the downstream
cylinder. The energy transfers from vorticity to the structure when the frequency capture phenomenon occurs. The response of the down-
stream cylinder comprises a significant component of the vortex shedding frequency of the upstream cylinder.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0101780

I. INTRODUCTION

Elastically mounted cylinders in tandem arrangements are widely
used in ocean engineering, such as subsea pipelines and risers. This
type of engineering equipment is impacted by alternating vortex shed-
ding generated by ocean currents. Vortex-induced vibration (VIV) has
been confirmed as a significant factor of fatigue damage andmay mag-
nify the drag forces of slender flexible structures. In ocean engineering,
slender flexible structures with unequal diameters are always arranged
in bundles and bundled together during subsea wellhead maintenance,
and for the subsea pipeline overhang section, production risers with
small diameters and drilling risers with large diameters are arranged
side by side. The downstream cylinder will be affected by the wake
induced by the upstream cylinder and will exhibit a complicated vibra-
tion characteristic known as wake-induced vibration (WIV). VIV and
WIV are both induced by flow and referred to as flow-induced vibra-
tions (FIV).

The study of VIV was started by investigating the response char-
acteristics of an isolated elastically mounted bluff cylinder and a

flexible cylinder. The VIV of an isolated elastically mounted bluff cyl-
inder in the cross flow (CF) and in-line (IL)–CF combined directions
was studied. Many critical parameters and phenomena have been pro-
posed and identified that have enriched our fundamental knowledge
of VIV.1–3 The VIV of a flexible cylinder is characterized by multi-
mode and multi-frequency vibrations different from those of a bluff
cylinder. However, the bluff cylinder system has been widely used to
investigate the fundamental VIV mechanism, and the related research
results have been widely used in the piratical flexible cylinder VIV pre-
diction.4,5 These issues have been widely studied over five decades, and
many reviews have been published.6–16

Research on flow around tandem cylinders with equal diameters
paves the way for tandem system studies. Three schemes of flow pat-
terns for two tandem circular cylinders have been classified: the
extended-body regime, the reattachment regime, and the co-shedding
regime,17,18 as shown in Fig. 1. Furthermore, a WIV system with a
fixed upstream cylinder and an elastically attached downstream cylin-
der was investigated. Assi19 investigated the mechanism of a WIV of a
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pair of cylinders in tandem with vibrating downstream cylinders in
one degree of freedom (1DOF) (CF only). Furthermore, Assi20 per-
formed further WIV tests with vibrating a downstream cylinder in
2DOFs and demonstrated that the vortex excitation mechanism of
unsteady wake–structure interactions provides positive energy for the
downstream cylinder undergoingWIV. Shan21 conducted a numerical
study of tandem cylinders with different diameters at low Re.

The mechanism of tandem cylinders with both vibrating
upstream and downstream cylinders is more complex. Kim et al.22

experimentally studied WIV with vibrating upstream and downstream
cylinders in 1DOF and proposed five regimes based on the vibration
responses. Ding et al.23 proposed two-dimensional unsteady
Reynolds-averaged Navier–Stokes (2D URANS) simulations of WIV
with vibrating upstream and downstream cylinders in 1DOF. For flex-
ible cylinder systems, Huera-Huarte and Bearman24 conducted experi-
ments on WIV with two flexible cylinders having the same diameter.
The experiment showed that the upstream cylinder experiences larger
vibrations than the downstream cylinder when the gap spacing is
small, but for a large gap spacing, the downstream cylinder undergoes
nonclassic VIV or WIV with large amplitudes at a high reduced veloc-
ity. Wu et al.25 investigated the flow-induced vibration of two tandem
cylinders in a cluster.

There has been little investigation into a tandem system with two
cylinders with different diameters both undergoing FIV. Huang and
Sworn26 carried out WIV experiments of two bluff cylinders with dif-
ferent diameters in 2DOFs. The results show that the trajectories are
qualitatively different between the upstream cylinder in steady uni-
form flow and the downstream cylinder situated in the wake of the
upstream cylinder. Xu et al.27 conducted an FIV experiment with a
flexible large upstream cylinder and small downstream cylinder and
proposed that the increase in the upstream cylinder diameter would
make the WIV of the downstream cylinder more complicated.
Janocha et al.28 simulate the FIV of a bluff large upstream cylinder and
small downstream cylinder using URANS.

Our research team recently conducted interference experiments
of dual flexible pipes in the subcritical Re range11 [Re � Oð104Þ] with
a large upstream cylinder diameter in a tandem arrangement and

discovered that the downstream small diameter pipe’s dominant
response frequency equals the response frequency of the upstream
large diameter pipe, which is named the frequency capture phenome-
non.29 This phenomenon was also found in the URANS simulations
of bluff cylinders with unequal diameters in 1DOF.30 However, in
actual ocean engineering, slender structures, such as risers, vibrate in
2DOF motion. The mechanism analysis with a 2DOF system is still
unknown.

In the present study, we extend the simulation to 2DOF motion
and study the mechanisms of the frequency capture phenomenon.
Two kinds of FIV systems are defined: a stationary large upstream cyl-
inder and vibrating small downstream cylinder and a vibrating large
upstream cylinder and small downstream cylinder. The reduced veloc-
ity based on the downstream cylinder reached 22.25. Simulation
results confirm that the frequency capture phenomenon is induced by
the action of the upstream shedding vortex on the downstream cylin-
der. The energy transfers from vorticity to the structure when the fre-
quency capture phenomenon occurs. The response of the downstream
cylinder comprises a significant component of the vortex shedding fre-
quency of the upstream cylinder. Furthermore, the response of the
downstream cylinder has a larger amplitude and contains multifre-
quency components than the VIV of an isolated cylinder, making its
trajectory more complicated.

II. MATHEMATICAL FORMULATION
A. Flow model

The governing equations are the 2D Navier–Stokes (N–S) equa-
tions, which, written in the Cartesian coordinate system, are the
following:

@ui
@xi

¼ 0; (1)

@ui
@t

þ uj
@ui
@xj

¼ � 1
q
@p
@xi

þ �
@2ui
@xj@xj

; (2)

where i; j ¼ 1; 2; x1 and x2 denote the streamwise (in-line, IL) and
cross-stream (cross flow, CF) directions, respectively; u1 and u2 are the

FIG. 1. Simplified classification scheme of the flow patterns for two tandem circular cylinders: (a) extended-body regime, (b) and (c) reattachment regime, and (d) co-shedding
regime.
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corresponding velocity components; q is the density of the fluid; and p
is the pressure.

The finite volume method (FVM)-based open-source CFD code
OpenFOAM is used in the present study to solve the N–S equation.
The shear stress transport (SST) k� x turbulent model31 is used. The
pressure–velocity coupling equation is established using the PIMPLE
algorithm, which combines both the PISO and SIMPLE algorithms,
thus enhancing the accuracy of the numerical simulations, especially
when using large time steps in a moving mesh. All the employed spa-
tial schemes are of second-order accuracy. The implicit Euler scheme
is used for the time integration.

The pressure equation is solved by using a geometric-algebraic
multigrid (GAMG) iterative solver with the Gauss–Seidel smoother.
The unsteady simulation is solved with time step 0:003 � D=U with
Courant number32 Co< 0.8.

B. Structural model

In the present study, two mass-damping-spring systems with two
degrees of freedom (2DOF) motion are considered, as shown in Fig. 2.
D1 and D2 are the diameters of the upstream and downstream cylin-
ders, respectively. G ¼ 4D2 is the wall spacing between the upstream
and downstream cylinders.

The first system (system 1) contains two elastically mounted cyl-
inders of unequal diameters experiencing flow in the IL direction [Fig.
2(a)]. The second system (system 2) contains one larger stationary
upstream cylinder and one elastically mounted downstream cylinder
experiencing the flow in the IL direction [Fig. 2(b)].

The governing equations of the mass-damping-spring system are
as follows:

m
@2XiðtÞ
@t2

þ c
@XiðtÞ
@t

þ kXiðtÞ ¼ FiðtÞ; (3)

where i; j ¼ 1; 2; X1 and X2 denote the IL and CF directions, respec-
tively; k is the spring stiffness. The natural frequencies in both the
IL and CF directions are tuned to the same value, resulting in equal
stiffness in both directions. m is the structural mass. F1ðFxÞ and
F2ðFyÞ are the fluid forces acting in the IL and CF directions,
respectively. The temporal integration of the dynamic equations
is performed numerically using the Newmark–b algorithm.
The arbitrary Lagrangian–Eulerian (ALE) approach is applied in
OpenFOAM for a dynamic mesh.

C. Physical parameters, computational domain,
and boundary conditions

A summary of the parameters used in the simulations is pre-
sented in Table I. The parameters are obtained from an experiment of
flexible cylinders.29 The inlet velocity ranges from 0.04 to 0.14 at 0.01
intervals (m/s). The corresponding reduced velocity Vr1 ranges from
3.13 to 10.97 at 0.78 intervals, and Vr2 ranges from 4.45 to 15.58 at
1.11 intervals. The natural frequency of the elastically mounted bluff
cylinder is close to the first-order frequency of the flexible cylinder.

The mass ratio, natural frequency, damping ratio, and reduced
velocity are expressed as the following:

FIG. 2. Schematic of VIVs of elastically mounted cylinders: (a) two elastically mounted cylinders (system 1) and (b) stationary upstream cylinder and elastically mounted down-
stream cylinder (system 2).

TABLE I. Physical properties of the cylinders.

Parameter

System 1 System 2

Upstream cylinder Downstream cylinder Upstream cylinder Downstream cylinder

Diameter (m) D1 ¼ 0:028 23 D2 ¼ 0:018 05 D1 ¼ 0:028 23 D2 ¼ 0:018 05
Mass ratio m�

1 ¼ 2:69 m�
2 ¼ 2:00 � � � m�

2 ¼ 2:00
Natural frequency (Hz) fn1 ¼ 0:45 fn1 ¼ 0:50 � � � fn1 ¼ 0:50
Reduced velocity Vr1 ¼ 3:13–10:97 Vr2 ¼ 4:45–15:58 � � � Vr2 ¼ 4:45–15:58
Inlet velocity (m/s) V ¼ ½0:04 : 0:01 : 0:14� V ¼ ½0:04 : 0:01 : 0:14�
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m� ¼ m
mw

; fn ¼ 2p

ffiffiffiffi
k
m

r
; Vri ¼ V

fnDi
; (4)

wheremw is the mass of the displaced fluid (q ¼ 1000 kg=m3).
The drag coefficient CD and lift coefficient CL are defined as

follows:

CD ¼ FD
qV2D=2

; (5)

CL ¼ FL
qV2D=2

; (6)

where FD and FL are the total unit drag and lift forces on the cylinder
and q ¼ 1000 kg=m3 is the density of the fluid.

The computational domain is 34D2 � 20D2 for two cylinders
and is large enough to eliminate boundary effects, which are similar to
Ref. 28. As shown in Fig. 3, the origin of the coordinate is located at
the center of the upstream cylinder. The entire domain includes six
boundaries. The farthest distance between the flow inlet boundary and
the upstream cylinder is set as 10D2, and the farthest distance between
the flow outlet boundary and the downstream cylinder is set as 20D2.
The distance between the walls of the two cylinders is set as 4D2. The
top and bottom symmetry boundaries are located at a distance of
10D2 from the center of the cylinder.

The boundary conditions used for the simulations are set as
follows:

1. A uniform flow, u1 ¼ V ; u2 ¼ 0, is set at the inlet boundary; the
pressure p is specified as a zero normal gradient at the inlet
boundary. Moreover, k and x at the inlet boundary are calcu-
lated as follows:33

k ¼ 3
2
ðVIÞ2; x ¼

ffiffiffi
k

p
=Cl‘; (7)

where Cl ¼ 0:09 is the empirical model constant, I ¼ 2% is the
turbulent intensity, and l � 0:07D1=C3=2

l is the turbulent length
scale.

2. Along the outlet boundary, u1, u2, k, and x are set as zero gra-
dients. The pressure p is set as p ¼ 0.

3. Symmetry boundary conditions (zero normal gradient condi-
tions) are applied for u1, u2, p, k, and x at the top and bottom
symmetry boundaries.

4. On the surface of the cylinder walls, a no-slip boundary condi-
tion is prescribed: u1 ¼ 0; u2 ¼ 0, k ¼ 0, and x are calculated as
follows:34

x ¼ 60v
b1Dy

2
1
; (8)

where b1 ¼ 0:075 is the model constant and Dy1 is the distance
to the next point away from the cylinder surface. yþ < 1 is guar-
anteed in the present study. The first wall distance Dy1 is esti-
mated as the following:

Dy1 ¼ yþV
u�

; u� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
Cf V2

r
; Cf ¼ ð2lgðReÞ � 0:65Þ�2:3: (9)

D. Method validation

The present method is applied to simulate the 2DOF VIV of a single
bluff cylinder. The physical parameters are obtained from a previous
experiment,1,35 as shown in Table II. The fluid domain size is
20D� 40D. A sketch of the fluid domain and mesh used for simula-
tion is shown in Fig. 4. The inlet boundary condition is set as an accel-
erated velocity at a speed of 0.025 per nondimensional time (tV/D),
and the other boundary conditions are the same as shown in Fig. 3.
The spatial and temporal schemes are consistent with the simulation
of tandem cylinders. The mesh has been evaluated for mesh
independence.

Figure 5 shows the VIV response amplitudes of the isolated bluff
cylinder in the CF (Ay=D) and IL (Ax=D) directions. The amplitude
Ay=D is defined as the maximum dimensionless VIV amplitude calcu-
lated by

ffiffiffi
2

p
yrms=D, and the RMS value is calculated from at least

twenty stable VIV periods. The frequency ratio fy=fna is defined as the
ratio of the dominant response frequency and natural frequency in
water (Cm ¼ 1:00). The natural frequency in water using an added
mass coefficient of unity agrees well with the experiment.36 Jauvtis and
Williamson1 defined the evolutionary process of a 2DOF VIV with

FIG. 3. Computational domain for the FIV of tandem cylinders: (a) sketch of the computational domain and (b) mesh of the fluid domain.
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m� ¼ 2:6, which primarily contains the initial branch ð4 < Vr < 6Þ,
super upper branch ð6 < Vr < 8Þ, and lower branch ðVr > 8Þ. The
numerical simulation results are in great agreement with the experi-
mental results. With increasing Vr, the maximum response reaches
1:5D at Vr¼ 8 in the superupper branch and shifts to the lower
branch with an amplitude less than 0:7D with a synchronized fre-
quency ratio of approximately 1.30.

The numerical results agree well with the experimental data. The
main three branches and maximum response amplitude are almost
the same as the experimental value. The frequency ratios obtained
from the simulations are also consistent with experimental observa-
tions, with a stable frequency ratio in the lower branch where the
reduced velocity is greater than 8.00. Generally, the present approach
seems to provide reasonable accuracy and performance in capturing
the essential physics of VIV.

E. Mesh independency test

The mesh dependency test is conducted for the flow-induced
vibration of two elastically mounted cylinders (system 1) of unequal
diameters in tandem arrangement with V ¼ 1:00m=s with a rather
high amplitude and contains a complicated dynamic mesh. Three dif-
ferent meshes TC1, TC2, and TC3 are employed for the test with dif-
ferent densities of the mesh around the cylinder, including the aspect
ratio and the boundary layer mesh growth rate. yþ < 1:00 is

guaranteed in all test meshes. The maximum number of test meshes
reached 58 376.

The time step Dt is set with Courant number Co ¼< 0:80 for all
cases to ensure time independence.35 The Courant number Co (CFL
condition) is defined as Co ¼ Dt

2V

P
faces j/ij,32 where V is the cell vol-

ume, / is the face volumetric flux, and
P

faces is over all cell faces. The
simulation results are compared in terms of the vibrating amplitude in

TABLE II. Physical properties of the isolated cylinder.

Parameter
Value for an

isolated cylinder

Diameter D (m) 0.05
Mass ratio m� (� � �) 2.60
Natural frequency in water
(fna, Cm ¼ 1:00) (Hz)

0.45

Mass-damping ratio ðm�fþ fÞ (� � �) 0.013
Flow velocity V (m/s) 0.06–0.30
Reduced velocity Vr (� � �) 3.00–15.00

FIG. 4. Computational domain of the FIV of an isolated cylinder: (a) sketch of the computational domain and (b) mesh of the fluid domain.

FIG. 5. VIV response amplitude ðAx=D and Ay=DÞ and CF frequency ratio ðfy=fnaÞ
of the isolated cylinder. Black dots, present results; triangle frame, results from Ref.
1; and square frame, results from Ref. 35. (a) Response amplitude in the CF and IL
directions, respectively, and (b) frequency ratio in the CF direction.
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the IL and CF directions, and the mean drag coefficients, maximum
lift coefficient, and frequency ratio in the CF direction are compared.
For the error rate term, the first and second rows of values reflect the
error values of TC1 and TC3 relative to TC2, respectively. We can see
that the different meshes have little effect on the results, as shown in
Table III. It is observed that the maximum deviation of the results is
less than 8.00% when comparing TC2 with TC1 and TC3. It can be
seen that the TC2 mesh provides a good balance of computational cost
and accuracy. Therefore, all the following investigations are simulated
based on mesh TC2.

F. Time-varying FIV force identification based
on the forgetting factor least squares (FFLS) algorithm

To analyze the mechanism of the frequency capture phenome-
non, a time-varying FIV force identification method based on the for-
getting factor least squares (FFLS) algorithm37 is applied.

A decomposition method of the total transverse force
proposed by Sarpkaya38 is introduced. Assuming the displacement
y ¼ A0 sin ð2pftÞ, the total lift force is FL ¼ Ftotal ¼ F0 sin ð2pft þ uÞ.
u is the phase difference between the total lift force and displacement.
The total force (Ftotal) can be decomposed into two parts: the exciting
force (Fe) in phase with velocity and the added mass force (Fm) in
phase with acceleration as follows:

FtotalðtÞ ¼ 1

2
ffiffiffi
2

p
_yrms

qDV2CeðtÞ _yðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Fe

� pD2

4
qCmðtÞ€yðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Fm

; (10)

where the Ce is the excitation coefficient, and Cm is the added mass
coefficient. The diagram of the decomposition method is shown in
Fig. 6. This decomposition method is widely used in current FIV pre-
diction programs such as Shear74 and VIVANA.5

As mentioned in a previous study,1 the total transverse force
Ftotal is decomposed into two parts: the total potential added mass
force Fp and a vortex force component FV. In fact, the potential added
mass force and vortex force are the same as Fm and Fe in Eq. (10),
respectively. The difference is that the force is normalized by
0:5qV2DL in the reference, and the velocity phase is excluded in the
present study.

The total energy transfer from fluid dynamics to body motion
over a vibration cycle in the CF direction is given as

E ¼
ðT
0
FtotalðtÞ _yðtÞdt: (11)

Combing with the force decomposition method, E can be expressed as

E ¼ Eex þ Em ¼
ðT
0
FeðtÞ _yðtÞdt þ

ðT
0
FmðtÞ _yðtÞdt; (12)

where Eex is the energy transfer associated with the excitation force
and Em is the energy transfer associated with the added mass force. Em
is given as

Em ¼
ðT
0
FmðtÞ _yðtÞdt ¼ �

ðT
0

pD2

4
qCmðtÞ€yðtÞ _yðtÞdt: (13)

Assuming a VIV response with a single dominant frequency
y ¼ A0 sin ð2pftÞ, the Em can be further expressed as

Em ¼ �ð2pf Þ3A2
0

ðT
0

pD2

4
qCmðtÞ sin ð2pftÞ cos ð2pftÞdt: (14)

Due to the orthogonality of trigonometric functions, we can see
that Em ¼ 0 in one vibration cycle. This conclusion holds true for
multi-frequency responses as well. So the total energy transfer E is sim-
ply the energy transfer associated with the excitation force (excitation
energy)

E ¼ Eex ¼
ðT
0
FeðtÞ _yðtÞdt (15)

and the excitation power (Pex), describing the instantaneous energy
transfer, is defined as

TABLE III. Mesh dependency test for the flow-induced vibration of two elastically mounted cylinders.

Mesh description Upstream cylinder Downstream cylinder

Case Elements Ay1=D1 Ax1=D1 �CD1 Cmax
L1 fy1=fn1 Ay2=D2 Ax2=D2 �CD2 Cmax

L2 fy2=fn2

TC1 46 716 0.57 0.03 1.23 0.37 1.36 1.41 0.50 1.49 1.11 1.24
TC2 50 591 0.59 0.03 1.23 0.34 1.33 1.44 0.51 1.56 1.08 1.21
TC3 58 376 0.62 0.03 1.24 0.32 1.31 1.42 0.47 1.52 1.02 1.19
Error rate (%) 3.39 0.00 0.00 8.82 2.26 2.08 1.96 4.49 2.78 2.48

5.08 0.00 0.81 5.88 1.50 1.39 7.84 2.56 5.56 1.65

FIG. 6. Diagram of the force decomposition method. u is the phase difference
between the total lift force and the displacement.
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Pex ¼ FeðtÞ _yðtÞ: (16)

To investigate the fluid excitation mechanism, the exciting force
Fe should be exacted from the total force Ftotal in the time domain.
Jauvtis and Williamson1 used the theoretical added force value, which
is derived from the governing equation of vibration in the CF direc-
tion. This single-frequency theoretical model is valuable for evaluating
the impact of physical parameters, but the FIV response typically con-
tains a higher harmonic frequency component. Therefore, when deal-
ing with real experimental data, this theoretical solution inevitably
produces inaccuracy.

The forgetting factor least squares algorithm (FFLS)37 is intro-
duced here and used to calculate the exciting force Fe. Compared with
the traditional least squares algorithm, the FFLS introduces a forget-
ting factor l that divides the time history of the sampling data into dif-
ferent regions and assigns a greater weight to the data close to the
present moment. This modification improves the sensitivity of the
least squares method and makes it possible to identify the time-
varying parameters. In addition, using previous historical moment
data in vortex-induced force identification also respects the dynamic
nature of both fluids and structures, and it may be possible to capture
the memory effects. Equation (10) in the time domain can be rewritten
as follows:

Fs ¼ Hshs;

Fs ¼ Ftotal t1ð Þ; Ftotal t2ð Þ; Ftotal t3ð Þ;…; Ftotal tsð Þ� �T
;

Hs ¼ hð1Þ; hð2Þ; hð3Þ;…; hðsÞ½ �T

¼ _y t1ð Þ; _y t2ð Þ; _y t3ð Þ;…; _y tsð Þ
€y t1ð Þ;€y t2ð Þ;€y t3ð Þ;…;€y tsð Þ

" #T

;

hðsÞ ¼
qDV2

2
ffiffiffi
2

p
_yrms

Ce tsð Þ

� qpD2

4
Cm tsð Þ

2
6664

3
7775;

s ¼ 1; 2; 3;…:

(17)

In Eq. (17), the initial time step and the present time step are
denoted as t1 and ts, respectively. t1, t2, t3,…, ts represent the sampling
time. Ftotal is the time history of the total force. Hs is the time history
of velocity and acceleration from the initial time step t1 to the present
time step ts. hs is the force coefficient at ts. Using only the data at the
current moment cannot provide a unique solution for the estimation
of the time-varying hydrodynamic coefficients. At a specific moment,
there are two unknown variables [CeðtÞ and CmðtÞ] in Eq. (10), but we
only know one relation between these variables. This requires us to at
least use a series of measurement data for the estimation, and an intui-
tive choice is using all data in previous measurements, such as the least
square method.

The identification of time-varying flow-induced force can be
treated as identifying the time history of hs. Equation (17) shows that
all previous historical moments data before ts are used to identify
time-varying parameter hs. In the FFLS algorithm, the sampled force
and response at different time steps are multiplied by different data
weights b, and the data weight is larger if the data are closer to the pre-
sent moment ts. Specifically, the data weight of the present moment ts
is b0 ¼ 1, and the data weight of the initial moment is bs�1, where

b 2 ð0; 1�. In the present study, b is set as a constant over time.
Equation (17) can be rewritten as follows:

F�s ¼ H�
s hs;

F�s ¼ bs�1Ftotal t1ð Þ;bs�2F�
total t2ð Þ;bs�3Ftotal t3ð Þ;…; b0Ftotal tsð Þ

� �T
;

H�
s ¼ bs�1hð1Þ; bs�2hð2Þ; bs�3hð3Þ;…; b0hðsÞ

� �T
¼ _y t1ð Þ; _y t2ð Þ; _y t3ð Þ;…; _y tsð Þ

€y t1ð Þ;€y t2ð Þ;€y t3ð Þ;…;€y tsð Þ

" #T

;

hðsÞ ¼
qDV2

2
ffiffiffi
2

p
_yrms

Ce tsð Þ

� qpD2

4
Cm tsð Þ

2
6664

3
7775;

s ¼ 1; 2; 3;…:

(18)

In the FFLS algorithm, the parameters to be identified need to
minimize the sum of the squared errors between H�

s hs and F�total as
follows:

Then, we have the following:

@JðhÞ
@h

����
ĥ s

¼ @

@h
F�s �H�

s hs
� �T F�s �H�

s hs
� �jĥ s

¼ 0: (19)

After some matrix calculations, we can obtain

ĥs ¼ H�T
s H�

s

� ��1
H�T

s F�s : (20)

Substituting Eqs. (18) into (20), we can finally obtain

ĥs ¼
Xs

i¼1

b2ðs�iÞhðiÞhTðiÞ
" #�1 Xs

i¼1

b2ðs�iÞhðiÞFtotalðiÞ
" #

¼
Xs

i¼1

lðs�iÞhðiÞhTðiÞ
" #�1 Xs

i¼1

lðs�iÞhðiÞFtotalðiÞ
" #

¼ HT
s KsHs

� ��1
HT

s KsFs; (21)

where l ¼ b2;l 2 ð0; 1�, l is called the forgetting factor, and Ks is
the weighted matrix, which is a diagonal matrix Ks ¼ diagðls�1;
ls�2;…; l; 1Þ. The essence of this method is to give different weights
to the data: the farther away from the present moment of data is, the
smaller the weight, as shown in Fig. 7.

This algorithm has been applied in the mechanical analysis of a
bluff cylinder VIV in 2DOFs in the Appendix. The results match well
with the experimental results1 and can reflect the multifrequency char-
acteristic. The mechanism of the frequency capture phenomenon is
analyzed based on the FFLS algorithm in the following.

III. RESULTS AND DISCUSSION
A. Response amplitude

1. System 1

Figure 8 displays the IL and CF response amplitudes of system 1.
The reduced velocity is based on the corresponding natural frequen-
cies displayed in Table I. The black solid circles and squares represent
the response of the upstream and downstream cylinder in system 1,
respectively. The blue rhombuses represent the response amplitude of
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the upstream cylinder of system 1 in Ref. 28 with different diameters
under V ¼ 0:50m=s. The green stars represent the response ampli-
tude of the downstream cylinder with the same system in Ref. 28. The
purple circles represent the response amplitude of the upstream cylin-
der in system 1 with the same diameter in laminar flow Re¼ 150 in
Ref. 39. The orange circles represent the corresponding results of the

downstream cylinder in Ref. 39. The reference response amplitude is
dimensionless by the corresponding diameter, and the subscripts of
the diameters in the legend are omitted.

For the CF response, the vibration of the upstream cylinder in
system 1 can be divided into three regimes: the increasing regime
(Vr< 4.00), where the response grows with increasing velocity; the
upper regime (4:00 < Vr < 9:00), where the response is relatively
larger than other regimes; and the decreasing regime (Vr> 9.00),
where the response decreases with increasing velocity. The upstream
cylinder in system 1 reaches an approximate response amplitude Ay

� 0:60D compared with the laminar flow simulation. However, the
upstream cylinder in laminar flow39 reaches the maximum amplitude
at a significantly lower reduced velocity (Vr¼ 4.00) compared with a
higher Re simulation (Vr¼ 5.50). Compared with the isolated vibrat-
ing cylinder, the upstream cylinder in the present study contains no
upper branch and reaches a lower amplitude compared with Fig. 5(a).
The results of system 1 with different diameters in Ref. 28 are close to
the numerical simulation results in this paper, which improves the
credibility of the results of this paper.

The downstream cylinder response reflects a distinct WIV char-
acteristic, with a greater response amplitude that does not decrease
with increasing velocity. Two distinct regimes can be distinguished in
the downstream cylinder vibration response of system 1: an increasing
regime (Vr< 12.00) and a decreasing regime (Vr> 12.00). For the
downstream cylinder, the response amplitude decreases at a lower
reduced velocity than that of the upstream cylinder in the decreasing
regime. The downstream cylinder in system 1 reaches its maximum
amplitude of 1:66D.

For the IL response, the vibration of the upstream cylinder is
small and irregular vs Vr, which is also found in Refs. 28 and 39.
There exists a switching Vr � 8. When Vr> 8, the response ampli-
tude grows as the velocity increases, and the response amplitude result
in the present study is higher than that in laminar flow.

FIG. 7. Diagram of the data weight in the time domain for the FFLS algorithm.

FIG. 8. Nondimensional FIV response amplitude of system 1 vs Vr. Top: response
amplitude in the CF direction; bottom: response amplitude in the IL direction; black
solid circles, response amplitude of the upstream cylinder of system 1; black solid
squares, response amplitude of the downstream cylinder of system 1; blue rhom-
buses, response amplitude of the upstream cylinder of system 1 in Ref. 28; green
stars, response amplitude of the downstream cylinder of system 1 in Ref. 28; purple
circles, response amplitude of the upstream cylinder of system 1 with constant
Re¼ 150 in Ref. 39; orange squares, response amplitude of the downstream cylin-
der of system 1 in Ref. 39. The subscript of the diameter is omitted in the reference
results.
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2. System 2

Figure 9 shows the IL and CF response amplitudes of system 2.
The black squares represent the response of the downstream cylinder
in system 2. The red squares represent the response of the downstream
cylinder of system 2 in Ref. 20. The reference response amplitude is
dimensionless by the corresponding diameter, and the subscripts of
the diameters in the legend are omitted.

For the CF response, the downstream cylinder in system 1
reaches a larger response amplitude (1:66D) than the downstream cyl-
inder in system 2 (1:29D) and switches to the decreasing regime at a
lower velocity, whereas the downstream cylinder in system 2 switches
to the decreasing regime at Vr¼ 10.00. Compared with the simulation
result of system 2 with the same diameters in Ref. 20, the increase in
the response amplitude with reduced velocity follows a consistent pat-
tern at 8:00 < Vr < 10:00 and is slightly smaller at Vr< 8.00. The
response of the downstream cylinder with the same and different
diameters as system 2 displays a close response trend, but the maxi-
mum response amplitude and regimes shift to a reduced velocity are
different. Further considering the effect of the Reynolds number,39 the
response amplitude of the downstream cylinder of system 2 in laminar
flow still reaches a response over 1:00D, but the switch reduced veloc-
ity is smaller compared with a higher Re simulation.

For the IL response, the response of the downstream cylinder of
system 1 reaches a higher response amplitude than that of system 2.
There also exists a switch reduced velocity in system 2 at Vr¼ 7.78,
but the response is more irregular vs Vr of system 1, which is also
found in the laminar flow simulation.39

B. Response frequency

Figure 10 demonstrates the trend of the response frequencies of
the two systems vs the reduced velocity, where the reduced velocity is
calculated from the corresponding natural frequencies shown in
Table I. The black circles and squares represent the response

frequencies of the upstream and downstream cylinders in system 1,
respectively. The red stars represent the dominant frequency of the lift
force of the downstream cylinder of system 2. The red triangles repre-
sent the response frequency of the downstream cylinder of system 2.
The blue triangles represent the response frequency of the downstream
cylinder of system 2 in Ref. 20.

For the CF response frequency, there exists a lock-in region when
the reduced velocity is greater than 6.00 in the CF direction, with the
nondimensional frequency value remains near 1.30 in the upstream
cylinder in system 1. This is the same as the VIV of the isolated cylin-
der with m� � 2:00 in Sec. II and previous study.1 There also exists a
lock-in region in the downstream cylinder in the CF direction that is
slightly delayed compared to the upstream cylinder. Figure 11 shows
the response frequencies in the CF direction of the upstream and
downstream cylinders of system 1. It can be discovered that “frequency
capture” exists under most simulation conditions. The vibration fre-
quencies of the upstream and downstream cylinders are not equal in
the preliminary lock-in and non-synchronization regions.

In system 2, the CF vibration frequencies are the same as the
dominant frequency of the lift coefficient of the upstream cylinder in

FIG. 9. Nondimensional FIV response amplitude vs Vr. Top: response amplitude in
the CF direction; bottom: response amplitude in the IL direction; black squares,
response amplitude of the downstream cylinder of system 2; red squares, response
amplitude of the downstream cylinder of system 2 with same diameter in Ref. 20.
The subscript of the diameter is omitted in the reference results.

FIG. 10. Nondimensional FIV response frequency vs Vr. Top: response frequency
in the CF direction; bottom: response frequency in the IL direction; black circles,
response frequency of the upstream cylinder of system 1; black squares, response
frequency of the downstream cylinder of system 1; red stars, dominant frequency of
the lift force of the upstream cylinder of system 2; red triangles, response frequency
of the downstream cylinder of system 2; blue triangles, response frequency of the
downstream cylinder of system 2 with the same diameter as in Ref. 20.

FIG. 11. FIV response frequency vs inlet velocity V in system 1 in the CF direction;
black triangles, response frequency of the upstream cylinder of system 1; red
circles, response frequency of the downstream cylinder of system 1.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 085120 (2022); doi: 10.1063/5.0101780 34, 085120-9

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


all simulation conditions, which means that vortex shedding (the vor-
tex shedding frequency of the stationary cylinder is equal to the domi-
nant lift frequency) influences the external force distribution of the
downstream cylinder and controls the dominant frequency of the fluid
force of the downstream cylinder. The frequency capture exists in all
simulation conditions, and the lock-in phenomenon disappears in the
CF direction. The results in Ref. 20 also show a similar response fre-
quency pattern; the response frequency shows a linear increase with
the reduced velocity, and the lock-in phenomenon disappears. The fre-
quency capture phenomenon was not studied in the reference.

For the response in the IL direction, the dominant response fre-
quency is equal to twice the CF response frequency or near the domi-
nant frequency, and this result was also found in a previous study.20

The frequency capture phenomenon does not occur in the IL direc-
tion, which was also discovered in our previous experiment.29

Furthermore, the spectrum analysis results of system 1 and sys-
tem 2 are shown in Figs. 13 and 14, respectively. In a previous investi-
gation of the VIV of a bluff cylinder with 2DOF vibration, it was
found that vibration with a single frequency can induce a high-
frequency force, as shown in Fig. 12.

There is a significant third harmonic component in the lift. The
high-frequency lift component is also found in the present study. In
system 1, it can be found that the response of the upstream cylinder
also has a third harmonic response at a flow velocity of 0:04m=s [Fig.
13(a)], and the downstream cylinder also has a second and third lift
component at a flow rate of 0:12m=s [Fig. 13(d)]. For the three cases
in which the frequency capture phenomenon does not occur in the
present study (V ¼ 0:06; 0:13, and 0:14m=s), the response of the
downstream cylinder exhibits a broadband spectral response and con-
tains response components with the same frequency as the upstream
cylinder lift at V ¼ 0:06m=s. The case of V ¼ 0:13m=s is similar to
the case of V ¼ 0:06m=s. For the case of V ¼ 0:14m=s [Fig. 13(f)],
there are two significant frequency components in the upstream

cylinder: the CF response dominant frequency f1 ¼ 0:59Hz and the
lift dominant frequency f2 ¼ 0:83Hz. f1 represents the response fre-
quency in the lock-in region. When assuming St¼ 0.18, the vortex
shedding frequency fst ¼ St � U=D ¼ 0:89Hz is close to f2 ¼ 0:83Hz.
Therefore, f2 denotes the fundamental vortex shedding frequency. The
dominant response frequency of the downstream cylinder f2 is the fun-
damental vortex shedding frequency of the upstream cylinder. The
downstream cylinder frequency is still equal to the upstream cylinder
vortex shedding frequency, and the frequency capture phenomenon
still occurs. However, since the upstream cylinder is locked, the two
dominant frequencies are different. The vortex shedding frequency
component of the upstream cylinder exists in the response of the
downstream cylinder. This phenomenon is more distinct in system 2,
as shown in Fig. 14. The vibration frequency of the downstream cylin-
der is captured by the upstream vortex shedding frequency. This is an
important parameter for the investigation of the FIV prediction
method40 for multi-pipe systems.

C. Excitation mechanics of the frequency capture
phenomenon

1. Excitation mechanics of system 1

This section shows the response and flow fields of the FIV devel-
opment progress to better understand the mechanisms of the fre-
quency capture phenomenon. Figure 15 shows the instantaneous
vorticity contours for selected time steps of system 1 at V ¼ 0:08m=s.
The time history of the FIV response and lift coefficients, as well as the
results of the time-frequency analysis, is shown in the upper half of the
figure. The wavelet transform based on the Morlet wavelet is applied
for the time-frequency analysis. It should be noted that the time his-
tory of Fig. 15 does not include the stable FIV phase. The instanta-
neous fields of xz are displayed in the lower part of the figure. A shift
in the FIV development phase flow pattern17 can be observed. At the

FIG. 12. Time history and frequency spectrum of VIV of the isolated cylinder in Sec. II D under Vr¼ 6: (a) time history of response the amplitude in the CF direction (left) and
frequency spectrum by FFT (right) and (b) time history of the lift coefficient (left) and frequency spectrum by FFT (right).
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beginning of the simulation, the wake vortex of the upstream cylinder
has not yet formed, and the vortices have shifted from the downstream
cylinder. The reattachment regime is established. Furthermore, the
flow pattern switches from the reattachment regime to the co-
shedding regime with the generation of the upstream vortex street,
and this result has been found in all simulations in this paper. The
spacing of the upstream and downstream cylinders is a key parameter
of this phenomenon, and more studies with different spacings are
planned. According to the wavelet analysis results, the response of the
upstream cylinder contains a steady fundamental component, whereas
the downstream cylinder is more unstable and contains the third har-
monic component. The results of the lift coefficient are similar to the
response, but the third harmonic component is more prominent.

Concerning the frequency capture phenomenon, the wavelet anal-
ysis shows that the downstream cylinder response frequency is not
always equal to the upstream cylinder. The response of the downstream
cylinder contains a considerable fundamental frequency component
until 40 s, and the major frequency component of the response is consis-
tent with the lift. As shown in Figs. 15(b)–15(d), the wake of the
upstream cylinder intermittently hits the downstream cylinder, which
results in an external excitation force with the fundamental frequency of
the upstream cylinder. The wake formed by the upstream cylinder is
larger than that of the downstream cylinder and changes the pressure
distribution, which results in the frequency capture phenomenon.

Furthermore, we apply the FFLS algorithm to obtain the excita-
tion force in the time domain. The energy transfer is evaluated by

FIG. 13. Frequency spectrum of FIV in system 1 under the selected flow velocity: (a) V ¼ 0:04; (b) V ¼ 0:06; (c) V ¼ 0:08; (d) V ¼ 0:12; (e) V ¼ 0:13; and (f)
V ¼ 0:14m=s. Left: CF amplitude (black line) and lift force coefficient (red line) of the upstream cylinder; right: CF amplitude (black line) and lift force coefficient (red line) of
the downstream cylinder.
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excitation power Pex ¼ Fex � _Ay . The energy transfer of system 1 at
V ¼ 0:08m=s is shown in Fig. 16. The energy transfer of the upstream
cylinder is close to that of the isolated cylinder FIV, which is periodic
and stable in the time domain. The energy transfer of the downstream
cylinder is more chaotic and is strongly related to the occurrence of
the frequency capture phenomenon. The power of the fluid is greater
when the frequency capture phenomenon occurs, and the power
reaches a relatively high value when the wake of the upstream cylinder
exceeds that of the downstream cylinder.

Figure 17 shows the flow field at V ¼ 0:13m=s of system 1. The
flow field also displays a transition from the reattachment regime to
the co-shedding regime, similar to the 0:08m=s simulation condition.
Different from the result of V ¼ 0:08m=s, there exists a peak near 5 s
in the wavelet analysis results. As shown in Fig. 17(b), a relatively large
vortex formed during the FIV development phase, resulting in a rela-
tively high lift and a peak value in the wavelet analysis. As discussed in
Sec. III B, the frequency capture phenomenon does not occur in this
simulation condition, and the downstream cylinder shows a broad-
band spectral response containing a response component with the
same frequency as the upstream cylinder response. In addition, the
wavelet analysis reveals that there exists competition in the dominant
frequency of the downstream cylinder response and lift in the time
domain.

The energy transfer of system 1 at V ¼ 0:13m=s is shown in
Fig. 18. For the upstream cylinder, the large standing vortex near 5 s
induces a high energy transfer. After the FIV reaches a state of equilib-
rium, the energy transfer tends to be periodic. For the downstream cyl-
inder, there exist two regions of excitation power: t < 25 s and >25 s.
A high-frequency energy transfer is established at t < 25 s under the
effect of the incoming flow and upstream cylinder wake. When the sta-
ble FIV is established, the energy transfer becomes periodic but con-
tains more multifrequency components compared with the upstream
cylinder.

Figure 19 represents the instantaneous vorticity contour under
the stable FIV of system 1. The wake of the upstream cylinder does
not hit the downstream cylinder in one period; therefore, the flow field
contains both upstream and downstream cylinder wakes. However,
since the downstream cylinder usually shows a broadband spectral
response, its motion phase is unstable and will interact with the
upstream cylinder wake at certain times, which makes the flow pattern
more irregular.

2. Excitation mechanics of system 2

As shown in Fig. 20, system 2 appears to have a more consistent
response, with the downstream cylinder response frequency being

FIG. 14. FIV frequency spectrum in system 2 under selected flow velocities: (a) V ¼ 0:04 m=s, (b) V ¼ 0:06m=s, (c) V ¼ 0:08m=s, (d) V ¼ 0:12m=s, (e) V ¼ 0:13 m=s,
and (f) V ¼ 0:14 m=s. Black line, lift force coefficient of the upstream cylinder; red dashed line, CF amplitude of the downstream cylinder; blue line, lift force coefficient of the
downstream cylinder.
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FIG. 15. Instantaneous vorticity contour for the wake pattern behind the two cylinders of selected time steps at V ¼ 0:08m=s of system 1: (a) t ¼ 5:00; (b) t ¼ 21:00; (c)
t ¼ 30:00; and (d) t ¼ 52:00 s. Top: time history of the FIV response of upstream and downstream cylinders (left) and time-varying VIV response frequency of the cylinders
(right). The red dashed lines represent selected time steps, and black dashed lines represent the dominant response frequency and third harmonic frequency; middle: time his-
tory and time-varying frequency of the lift coefficients of the upstream and downstream cylinders; bottom: instantaneous vorticity (xz) contour for the wake pattern behind the
two cylinders of the selected time steps: blue represents a negative value, and red represents a positive value.

FIG. 16. Energy transfer due to the vorticity dynamics of system 1 at V ¼ 0:08m=s.
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narrow-band and nearly constant with time. There also exists a transi-
tion from the reattachment regime to the co-shedding regime in sys-
tem 2 with 2P flow pattern [Fig. 20(d)]. The downstream cylinder
response stabilizes at the dominant frequency later than the upstream

lift coefficient, indicating that the downstream cylinder response is
excited by the upstream wake and that the downstream tube lift has a
more obvious higher harmonic frequency component induced by the
2P mode.

FIG. 17. Instantaneous vorticity contour for the wake pattern behind the two cylinders of selected time steps at V ¼ 0:13 m=s of system 1: (a) t ¼ 3:10; (b) t ¼ 5:60; (c)
t ¼ 24:00; and (d) t ¼ 40:00 s.

FIG. 18. Energy transfer due to the vorticity dynamics of system 1 at V ¼ 0:13m=s.
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The energy transfer of system 2 at V ¼ 0:08m=s is shown in
Fig. 21. The downstream cylinder of system 2 is dominated by
the incoming flow when t < 20 s, where the power is periodic
and similar to the FIV of the isolated cylinder. When the wake of
the upstream cylinder begins hitting the downstream cylinder
(t > 20 s), the power always remains positive, which means that
the vorticity keeps the transfer energy to the downstream cylin-
der vibration system. This is clearer than in system 1, which
shows the mechanism by which the frequency phenomenon
occurs.

Figure 22 also indicates the transition from the reattachment
regime to the co-shedding regime. As the flow rate increases, the
standing vortex becomes larger and completely covers the downstream
cylinder [Fig. 17(a)]. Similar to the condition where V ¼ 0:08m=s,
the downstream is affected by the wake of the upstream cylinder after
the wake forms [Figs. 17(b) and 17(c)]. However, the 2P mode does
not occur in this simulated setting; instead, a 2S flow pattern with a
small higher harmonic component forms behind the downstream
cylinder.

The energy transfer of system 2 at V ¼ 0:13m=s is displayed
in Fig. 23. Consistent with the condition of 0:08m=s, the wake of
the upstream cylinder always does positive work on the structure,

which means that there is energy transfer from the vorticity to the
structure.

Figure 24 represents the instantaneous vorticity contour
under stable FIV of system 2. Compared to system 1, a stable flow
pattern is formed in system 2 due to the stationary upstream cylin-
der. As shown in Fig. 24, the vortex of the upstream cylinder is
large enough to cover the downstream cylinder, which makes the
flow field dominated by the wake of the upstream cylinder. In one
FIV cycle, vortex 1 generated by the upstream cylinder [Fig. 19(a)]
moves to the downstream cylinder and replaces the wake of the
downstream cylinder [Figs. 19(b) and 19(c)] and further becomes
the wake of the downstream cylinder [Fig. 19(d)]. Vortex 2 then
also replaces the wake of the downstream cylinder, similar to vor-
tex 1. Due to the vibration of the downstream cylinder, the 2S
mode wake behind the upstream cylinder is converted to the 2P
mode after passing through the downstream cylinder.

D. Trajectory

Figures 25 and 26 show the trajectories of the upstream and
downstream cylinders of the different systems under selected flow con-
ditions. It is discovered that the trajectory of the upstream cylinder in

FIG. 19. Instantaneous vorticity contour behind the two cylinders at selected time steps with stable FIV at V ¼ 0:08m=s of system 1: (a) t ¼ 258:52; (b) t ¼ 285:92; (c)
t ¼ 286:40; and (d) t ¼ 286:86 s. Top: time history of the FIV response of upstream and downstream cylinders. The red dashed lines represent selected time steps; middle:
time history of the lift coefficients of the upstream and downstream cylinders; bottom: instantaneous vorticity (xz) contour for the wake pattern behind the two cylinders at
selected time steps: blue represents a negative value, and red represents a positive value.
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system 1 is more stable than that of the downstream cylinder, which is
also found in Ref. 28. The reason for this phenomenon is that the
broadband spectral response of the downstream cylinder makes the
phase more unstable with time. Compared with system 1, the trajecto-
ries of the downstream cylinder are more stable in system 2, which
can also be found in the spectrum analysis that the downstream cylin-
der represents a narrow band spectrum response. The trajectories of
the upstream cylinder show a figure-of-eight distribution, which is
consistent with previous observations.

IV. SUMMARY

Flow-induced vibrations of two cylinders with different diameters
in the tandem arrangement are investigated numerically. The distance
between the walls of the two cylinders is set as 4D2. Two kinds of
vibration systems with stationary and vibrating upstream cylinders are

FIG. 20. Instantaneous vorticity contour for the wake pattern behind the two cylinders at selected time steps at V ¼ 0:08 m=s in system 2: (a) t ¼ 5:00; (b) t ¼ 10:00; (c)
t ¼ 22:00; and (d) t ¼ 41:00 s. Top: time history of the FIV response of the downstream cylinders (left) and the time-varying VIV response frequency of the downstream cylin-
der (right). The red dashed lines represent selected time steps, and black dashed lines represent the dominant frequency and third harmonic frequency; middle: time history
and time-varying frequency of the lift coefficients of the upstream and downstream cylinders; bottom: instantaneous vorticity (xz) contour for the wake pattern behind the two
cylinders at selected time steps: blue represents a negative value, and red represents a positive value.

FIG. 21. Energy transfer due to vorticity dynamics of system 2 at V ¼ 0:08m=s.
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simulated. The reduced velocity of the downstream cylinder ranges
from 4.45 to 15.58. The 2D computational model is developed to sim-
ulate the fluid–structure interaction, and this method is verified
through VIV of an isolated cylinder in 2DOFs. The following conclu-
sions may be drawn:

1. The results for two kinds of systems are presented. The ampli-
tude results show that the response of the downstream pipe is
larger than that of the upstream cylinder, and the maximum
amplitude in this paper surpasses 1:5D2.

2. Based on the frequency spectrum and flow pattern analysis, it
is confirmed that the frequency capture phenomenon is caused
by upstream vortex shedding, which makes the downstream
external excitation frequency equal to the upstream vortex
shedding frequency. Even if frequency capture does not occur,
there is still a large upstream vortex shedding frequency com-
ponent in the downstream cylinder response, which will be
applied as a frequency model using the multicylinder FIV pre-
diction method.

3. The excitation mechanism of the frequency capture phenome-
non is investigated by the FFLS algorithm. The energy transfer
due to the frequency capture phenomenon is always from vortic-
ity to structure, which is quite different from the isolated cylin-
der VIV. This confirms that the phenomenon is induced by the
interaction between the upstream cylinder wake and the down-
stream cylinder.

FIG. 22. Instantaneous vorticity contour for the wake pattern behind the two cylinders at selected time steps at V ¼ 0:13 m=s in system 2: (a) t ¼ 4:00; (b) t ¼ 10:00; (c)
t ¼ 20:00; and (d) t ¼ 30:00 s.

FIG. 23. Energy transfer due to vorticity dynamics of system 2 at V ¼ 0:13m=s.
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4. The WIV of the downstream cylinder presents multifrequency
response characteristics, making its trajectory unstable. Further
numerical simulation of the FIV of bluff cylinders in three
dimensions will be carried out.
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APPENDIX: ANALYSIS OF ISOLATED BLUFF CYLINDER
VIV MECHANISMSWITH 2DOFs USING THE FFLS
ALGORITHM

In this appendix, we first compared the least squares and forget-
ting factor least squares algorithm by identifying a self-defined multi-
frequency vibration system. Then, we apply the FFLS algorithm to
investigate the mechanism of the VIV of an isolated bluff cylinder.
The parameters are displayed in Table II which is the same as Ref. 1.

A response signal with multi-frequency is assumed as

yðtÞ ¼ A1 sin 2pf1t þ u1ð Þ þ A2 sin 2pf2t þ u2ð Þ;
_yðtÞ ¼ 2pf1A1 cos 2pf1t þ u1ð Þ þ 2pf2A2 cos 2pf2t þ u2ð Þ;
€yðtÞ ¼ � 2pf1ð Þ2A1 sin 2pf1t þ u1ð Þ � 2pf2ð Þ2A2 sin 2pf2t þ u2ð Þ;

8>><
>>:

(A1)

where A1 ¼ 0:01;A2 ¼ 0:005; f1 ¼ 1Hz; f2 ¼ 3f1;u1 ¼ u2 ¼ 0, and
the force is calculated by the MCK equation

FIG. 27. Real force and reconstructed force by LS and FFLS methods.

FIG. 28. Energy transfer due to vorticity dynamics for the 2S mode at Vr¼ 4.00. The parameters are the same as those in Ref. 1. Left: VIV response amplitude Ay=D, excita-
tion coefficient Ce, excitation force Fe, and rate of energy transfer Fe � _Ay (from top to bottom). Right: instantaneous vorticity contours correspond to the red symbols in the
time profiles on the left. Vortex images with the yellow background are the results in Ref. 1.
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MyðtÞ þ C _yðtÞ þ K€yðtÞ ¼ FðtÞ; (A2)

whereM ¼ 10;C ¼ 40;K ¼ 1500.
Then, we can use the traditional LS (forgetting factor equal to

1) and FFLS method to identify the excitation and added mass coef-
ficient. The reconstructed force by LS and FFLS methods is dis-
played in Fig. 27. The result shows that the FFLS method leads to
more accurate reconstruction of multi-frequency force signals than
LS method. And, the VIV response is widely known for multi-
frequency force characteristic.41 Therefore, it is necessary to use the
FFLS method to reconstruct the time-domain VIV force.

Jauvtis and Wiliiamson1 introduced a significant qualitative rule
that there exists a peak energy transfer into vertical motion when there
is a dominance of clockwise vorticity moving downstream to the right
as the body moves downward. This was also discovered in the present
study, as shown in Fig. 28. xz ¼ @v=@x � @u=@y is used for the
instantaneous vorticity contours, and the positive (red) and negative
(blue) values of xz represent anticlockwise and clockwise vorticity,
respectively.

The result in the present study contains a higher harmonic
component compared with the reference. Figure 29 shows the FFT
results of the response amplitude, velocity, and amplitude. The
response amplitude contains a slightly higher harmonic component,
but the response acceleration contains a much higher harmonic
component. Assuming that the CF response is a harmonic motion
with a fundamental frequency and third harmonic component
y ¼ A1 sin ð2pftÞ þ A2 sin ð6pftÞ, the acceleration can be expressed
as €y ¼ 4A1ðpf Þ2 sin ð2pftÞ þ 36A2ðpf Þ2 sin ð6pftÞ, which means
that the acceleration will contain eight times the amplitude of the
third harmonic component relative to the fundamental component.
In Ref. 1, the authors separate the added mass force (called the poten-
tial added mass force in the reference) by assuming Fm � yðtÞ, which
ignores the higher harmonic component. In the present study, the
FFLS method is applied for a more accurate result.

The dominant frequency of the excitation coefficient is twice
the displacement. Based on the proportionality related to trigono-
metric functions, the 2f excitation coefficient and f response velocity
will induce a total force containing the ð2þ 1Þf and ð2� 1Þf com-
ponents. The second contour figure matches well with the experi-
mental result: a peak energy income occurs when a clockwise
vorticity moves downstream to the right, as the body moves down-
ward. In addition, the first contour figure shows that peak energy
dissipation occurs when an anticlockwise vorticity moves down-
stream to the right as the body moves downward.

The energy transfer in Vr¼ 7.00 is shown in Fig. 30. The contour
plot matches well with the experiment. The result shows that there exist
two peaks in one period, and the 2T mode occurs at the peak time,
which agrees well with the analysis from a previous study.1

In summary, we apply the FFLS algorithm to analyze the
mechanism of VIV of an isolated bluff cylinder. Compared with the
theoretical result, the energy peak obtained by the FFLS algorithm
matches well and can reflect the multi-frequency characteristic.

FIG. 29. FFT result of response amplitude, velocity, and acceleration.

FIG. 30. Energy transfer due to vorticity dynamics for the 2T mode at Vr¼ 7.00. The parameters are the same as those in Ref. 1. Left: VIV response amplitude Ay=D, excita-
tion Ce, excitation force Fe, and rate of energy transfer Fe � _Ay (from top to bottom). Right: instantaneous vorticity contours correspond to the red symbols in the time profiles
on the left. Vortex images with the yellow background are the results in Ref. 1.
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