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The hydrodynamics of vortex-induced vibration of a flexible pipe in bidirectionally sheared11
flows are investigated through combined experimental and numerical approaches. Such bidi-12
rectionally sheared flows are inspired by subsurface currents induced by internal solitons13
widely occurring in the ocean, which feature oppositely directed flow velocities along the14
flexible pipe. Experiments are conducted in an ocean basin using a tensioned pipe with dis-15
tributed strain sensors, and numerical simulations are conducted by a validated strip method16
based framework. The mean in-line displacement, mean drag, shear force, and bending17
moment are characterized. The mean in-line displacement, maximized over the spanwise18
direction, exhibits an approximately quadratic dependence on the maximum velocity in19
bidirectionally sheared flow. In contrast, the mean drag coefficient remains nearly unchanged20
with increasing flow velocity. Both trends are cross-validated via experiments and simula-21
tions. Furthermore, empirical expressions are proposed to describe the influence of back-22
ground flow velocities on the shear force and bending moment. Excitation and added mass23
coefficients associated with dominant frequency response and time-varying hydrodynamic24
coefficients considering multi-frequency responses are extracted and analyzed. The results25
show that the phase difference between the cross-flow and in-line responses retains an anti-26
symmetric distribution, whereas the excitation coefficients exhibit quasi-symmetric patterns27
around the mid-span. The time-dependent added-mass coefficient is strongly correlated with28
the wake pattern, with negative values occurring predominantly during P+S and 2P vortex29
shedding patterns. Moreover, spectral proper orthogonal decomposition is employed to link30
the dominant VIV frequencies of the flexible pipe with the surrounding flow field. The results31
indicate a clear transition in which the dominant flow-field frequency follows the Strouhal32
frequency at lower velocity, but aligns with the structural vibration frequency at higher33
velocity associated with the occurrence of the lock-in phenomenon.34
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1. Introduction36

Vortex-induced vibration (VIV) of long flexible structures has been the subject of extensive37
research in ocean engineering applications such as marine risers and umbilical cables (Bear-38
man 1984; Resvanis & Vandiver 2022; Huera-Huarte 2025), in civil engineering applications39
such as large-span bridges (Ge et al. 2022), and more recently in renewable energy structures40
including wind turbine blades (Grinderslev et al. 2022; Fu et al. 2026) and towers (Livanos41
2018).42

Flexible pipes present significant challenges for the direct measurement of vortex-induced43
hydrodynamic force distributions along their length due to continuous deformation and spa-44
tially distributed dynamic responses. In contrast, both motion and hydrodynamic force mea-45
surements are relatively straightforward for rigid cylinders. As a result, the canonical model46
for studying the vortex-induced vibration of flexible structures is a circular rigid cylinder47
placed in a uniform flow (Tian et al. 2023), allowed to vibrate freely in both the cross-flow48
(CF) and in-line (IL) directions (Bearman 1984; Williamson & Govardhan 2004; Fu et al.49
2025a; Han et al. 2023; Cheng et al. 2024; Benner et al. 2025). Key response characteristics50
such as the vibration amplitude and frequency have been extensively investigated, including51
phenomena such as lock-in (Gabbai & Benaroya 2005; Williamson & Govardhan 2008),52
the critical mass ratio (Govardhan & Williamson 2000), and the Griffin plot (Govardhan &53
Williamson 2006).54

Numerous methods have been proposed to present VIV hydrodynamic forces of the bluff55
cylinder, among which the approaches developed by Sarpkaya (1995) and Thorsen et al.56
(2017) remain widely adopted. Sarpkaya (1995, 2004) proposed a VIV force decomposition57
method consisting of one component in phase with velocity, representing the energy ex-58
change between the fluid and the structure, and another component in phase with acceleration,59
representing the added mass effect. Thorsen et al. (2017) improved this decomposition by60
introducing a consistent drag force model that connects the forces in the IL and CF directions.61
Due to the difficulty of fully exploring the parameter space in traditional freely vibrating62
experiments, forced vibration tests with prescribed harmonic motion (Gopalkrishnan 1993;63
Aronsen & Larsen 2007; Patel et al. 2023) have been conducted to investigate the hydro-64
dynamic characteristics of rigid cylinders undergoing VIV. Comprehensive experiments65
including CF-only forced motion (Gopalkrishnan 1993), IL-only forced motion (Aronsen66
& Larsen 2007) and IL & CF forced motion (Yin & Larsen 2011; Dahl 2008; Dahl et al.67
2010) are conducted to determine the VIV excitation range and excitation coefficient curve.68

Slender structures in applications are subjected to a wide variety of flow conditions.69
VIV experiments on flexible risers under various flow conditions provide a fundamental70
understanding of the VIV characteristics of flexible pipes and serve as a benchmark for71
numerical analysis. Flexible pipes can be categorized into tension dominated (Huera-Huarte72
2006; Zheng et al. 2014a; Duan et al. 2021) and bending stiffness dominated (Nielsen et al.73
2002) types, depending on the relative contributions of tension and bending stiffness to their74
natural frequencies. Tension-dominated flexible pipe VIV is typically more complicated with75
multi-mode coupled responses (Zheng et al. 2014b). Numerous VIV experiments on flexible76
risers have been conducted under various flow conditions: uniform flow (Chaplin et al. 2005),77
linearly sheared flow (Tognarelli et al. 2004; Trim et al. 2005), three-dimensional flow (Kim78
et al. 2022), and lake tests (Vandiver et al. 2005).79

Due to the challenges associated with the direct measurement of VIV hydrodynamic80
force distributions of the flexible pipe, recent research has focused on estimating these force81
distributions indirectly through strain or displacement measurements (Wu 2011; Song et al.82
2016a). For mono-frequency VIV responses, the hydrodynamic behavior can be accurately83
characterized using constant excitation and added mass coefficients (Bourguet et al. 2012).84
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Huera-Huarte et al. (2006) were among the first to employ inverse finite element analysis85
to estimate the hydrodynamic force distribution in a stepped-flow VIV experiment. Song86
et al. (2016a) proposed a hydrodynamic force estimation method based on inverse finite87
element method in which the hydrodynamic forces were directly estimated using the differ-88
ential governing equations of a tensioned beam model, and applied for several flexible riser89
experiments under different flow conditions at Shanghai Jiao Tong University. In addition90
to the least squares method, Wu (2011) developed a hydrodynamic coefficient identification91
approach using Kalman filtering and an optimization-based approach, based on experimental92
data obtained from tests conducted at the Norwegian Marine Technology Research Institute.93
These methods have been applied for the mono-frequency VIV under uniform flow and94
linearly sheared flow analysis. However, these studies, which are based on the assumption of95
constant hydrodynamic coefficients, become inadequate when addressing multi-frequency96
or modulated VIV responses, where the hydrodynamic forces exhibit strong nonlinearity.97
To capture the unsteady hydrodynamic behavior under such conditions, time-varying hydro-98
dynamic coefficients have been introduced (Liu et al. 2018, 2020; Fu et al. 2022b), which99
can accurately capture the hydrodynamics of multi-frequency VIV under shear flow (Liu100
et al. 2018), and modulated VIV under time-varying oscillatory flow (Liu et al. 2020; Fu101
et al. 2022b). This approach provides a robust framework to demonstrate the time-varying102
characteristics of multi-frequency and modulated VIV hydrodynamics.103

Computational fluid dynamics approaches are mainly adopted to investigate the fluid104
characteristics and fluid-structure interaction behavior of flexible pipes. For low aspect ratio105
flexible pipe and bluff cylinder VIV experiments, flow field measurement techniques can106
be employed to capture the fluid domain (Govardhan & Williamson 2000; Jung et al. 2018).107
However, accurately measuring flow characteristics remains challenging, particularly for high108
aspect ratio flexible pipes VIV. Numerical studies focusing on flexible pipes remain relatively109
limited due to the complex fluid-structure interactions involving multiple vibration modes110
and nonlinear wake dynamics. Some simulation results of uniform flow (Evangelinos &111
Karniadakis 1999; Willden & Graham 2001; Dahl et al. 2007; Modarres-Sadeghi et al. 2010;112
Bourguet et al. 2011b, 2012; Fan et al. 2019b; Wang et al. 2021b), and linearly sheared flow113
(Bourguet et al. 2011a, 2012, 2013) have established fundamental knowledge for flexible114
pipe VIV. Newman & Karniadakis (1997) applied direct numerical simulation (DNS) of a115
4𝜋 long flexible pipe at Reynolds numbers of approximately 100, revealing the fundamen-116
tal VIV characteristics such as traveling wave wake patterns. Furthermore, Evangelinos &117
Karniadakis (1999) and Bourguet et al. (2011a) conducted DNS simulation to investigate118
the fundamental characteristics of flexible pipe at Reynolds numbers of approximately 1000119
using Nektar++. Willden & Graham (2004) applied the velocity-vorticity method to simulate120
flexible pipe VIV at Reynolds numbers around 300 and named VIVIC. Fan et al. (2019b)121
and Wang et al. (2021b) applied strip methods to numerically investigate flexible pipe VIV122
at relatively high Reynolds numbers of approximately 2000 using Nektar++, illustrating the123
relationships between flexible pipe free vibration and the forced vibration of a bluff cylinder.124
In the strip method, the flow is treated as a series of two-dimensional sections coupled with a125
three-dimensional beam model, and few studies have been conducted to improve the method126
(Bao et al. 2016; Deng et al. 2020).127

For the numerical simulation of vortex-induced vibration of long flexible pipes, the strip128
method offers a more practical and feasible approach. Recent studies have attempted to129
connect wake dynamics with hydrodynamic coefficients via simultaneous flow visualization130
and structural response measurements. Bourguet et al. (2011b) proposed that the excitation131
coefficient is related to the vibration phase difference. Fan et al. (2019b) and Wang et al.132
(2021a) reported that vortex shedding patterns such as 2S (two single vortices), 2P (two133
pairs of vortices), or P+S (one pair plus one single vortex) are related to the added mass134
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coefficients; a negative added mass coefficient is associated with the P+S and 2P wake135
patterns. For wake field analysis, spectral proper orthogonal decomposition (SPOD) can be136
used to extract coherent flow structures in both space and time (Sieber et al. 2016; Towne137
et al. 2018). This ability to identify frequency-dependent flow modes makes SPOD a suitable138
tool for cylinder wake field analysis. SPOD has been applied to bluff body wakes (Willert139
2025; Maleki et al. 2026) and to the wakes of VIV bluff cylinders undergoing VIV (O’Neill140
et al. 2021) and forced motion (Zhou & Zheng 2023).141

A unique subsurface flow environment induced by internal waves has been observed in142
the South China Sea. A six-month field survey conducted in the Liuhua area by the China143
National Offshore Oil Corporation Research Institute (Xie et al. 2018) revealed a distinctive144
shear flow structure characterized by nearly opposite flow directions, asymmetric velocity145
magnitudes, and a sharp velocity gradient centered around a depth of approximately 185146
meters. This bidirectionally sheared flow condition was found to occur frequently, resulting147
in an average exposure of approximately 18.6 hours per month. Besides the South China148
Sea, similar bidirectionally sheared flow has also been reported in association with internal149
wave in other ocean regions (Garrett & Munk 1979; MacKinnon 2017), including areas of150
engineering interest such as the Gulf Stream and continental slope regions. Moreover, such151
unique flow conditions have been observed beneath ice-covered areas in polar regions, where152
melting processes contribute to the formation of bidirectionally sheared flow profiles (Jacobs153
et al. 2011; Minowa et al. 2021).154

A Joint Industry Project (JIP), Flow-Induced Forces and Their Effects on Risers and Subsea155
Structures (FIFERS), has been proposed and established to develop VIV prediction models156
for complex flow fields, including bidirectionally sheared flow. As a core component of this157
JIP, Fu et al. (2022a,c) first conducted an ocean basin experiment with a flexible pipe under158
bidirectionally sheared flow, observing multi-frequency responses and distinctive traveling159
wave patterns. Moreover, Fu et al. (2025b) developed an open-source code based on the strip160
method and simulated the vortex-induced vibration of a flexible pipe under bidirectionally161
sheared flow, with validation against experimental results. This study primarily focused on162
comparing the displacement responses of the flexible pipe under different flow conditions163
including uniform, linearly sheared and bidirectionally sheared flow cases, whereas detailed164
analyses of the corresponding hydrodynamic forces were not conducted.165

In this paper, we further investigate the hydrodynamic properties of a flexible pipe sub-166
jected to bidirectionally sheared flow. Both experimental and numerical analyses are con-167
ducted. The experimental investigation is based on a previously published test apparatus (Fu168
et al. 2022a), and the numerical analysis is performed using a validated simulation framework169
(Fu et al. 2025b). The model has a diameter of 28.41 mm and a length of 269 diameters.170
This study aims to investigate the similarities and differences in hydrodynamic coefficients171
between bidirectionally sheared flow and unidirectional flows. Based on the experimental172
and numerical simulation results of VIV under bidirectionally sheared flow, four aspects173
of the VIV hydrodynamic characteristics are investigated: (1) how bidirectionally sheared174
flow modifies the mean displacement and drag coefficient distributions and the correspond-175
ing mean hydrodynamic force; (2) whether the antisymmetric velocity distribution of the176
bidirectionally sheared flow affects the phase distribution of the VIV response; (3) whether177
the excitation coefficients exhibit symmetry at the flow velocity reversal point; and (4) the178
relationship between the added mass coefficient and the wake vortex patterns.179

This manuscript is organized as follows. Section 2 presents the experimental apparatus180
and setup, and the numerical method. Section 3 discusses the in-line mean drag character-181
istics, including the mean drag coefficient, shear force and moment, and the influence of182
the flow velocity distribution. Section 4 presents the hydrodynamic properties of the flexible183
pipe under bidirectionally sheared flow, including the dominant frequencies, time-varying184
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Figure 1: Diagram of the experimental set-up: (a) Diagram of the experimental apparatus.
The flow field is generated by rotation of the driven gear with a bidirectionally sheared
distribution. (b) The flow velocity profile from the experiment shows that the minimum
negative velocity−𝑈𝑚 occurs at 𝑍/𝐿 = 0 and the maximum velocity𝑈𝑚 occurs at 𝑍/𝐿 = 1.

hydrodynamic behavior, and corresponding wake pattern. Finally, section 5 summarizes the185
main conclusions of this study.186

2. Experimental and numerical methods187

2.1. Experimental setup188

The experiment was conducted in an ocean basin at Shanghai Jiao Tong University. The pipe189
model was fixed at both ends to a circular driven gear under a pretension of 980 N. The flow190
field was generated by rotating the driven gear via a timing belt powered by a servo motor191
to generate the inflow conditions, as figure 1 shows. This novel VIV experimental apparatus192
has been validated through a comprehensive credibility assessment, including analyses of193
wake effects, vibration duration, mechanical noise, repeatability, and water-depth sensitivity,194
as reported in our previous work (Fu et al. 2022a) and summarized in appendix A.195

The coordinate system is defined as O-XYZ, as shown in figures 1 and 2. The origin (𝑂)196
is set at one end of the pipe model connected with a fixing device with no tensioner. The197
X, Y, and Z axes correspond to the in-line, cross-flow, and spanwise directions of the test198
pipe model, respectively, with the coordinate system rotating together with the pipe during199
the test. The rotation direction during the experiment is always along the X axis, and the200
effective current profile is shown with colors and arrows in figure 1.201

The overview in figure 2(a) highlights the rotation system driven by a servo motor through a202
timing belt and synchronous wheel, with the flexible pipe model supported along the circular203
frame and instrumented by the data acquisition system. The rotation direction and the global204
coordinate system are also indicated in figure 2(a). Furthermore, figures 2(b) and (c) provide205
close-up views of the end-connection assemblies, including the universal joint and clamps206
that accommodate rotational motion while constraining the pipe, and the tensioner used at207
the maximum 𝑧 end to maintain the prescribed axial tension and boundary condition. During208
the experimental test, universal joints were used to implement a pin-pin end condition for209
the test pipe, and due to the extra tensioner length difference, the velocity at the maximum210
spanwise location is approximately 4.5% lower than that at the coordinate origin. During211
each test, the pipe is rotated through one full cycle, which contains nearly 50 fully developed212
VIV periods, and further details are provided in appendix A.213

The pipe model consists of an external polypropylene random copolymer pipe and an214
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Figure 2: Experimental setup of the rotating apparatus in the ocean basin testing in air:
(a) Overview of the facility. (b) Close-up of the maximum 𝑍 end connection showing the
universal joint, clamp, and tensioner. (c) Close-up of the original end connection showing
the universal joint and clamp.

internal copper cable. Silicone rubber is applied between the layers to prevent relative sliding.215
A total of 46 Fiber Bragg Grating (FBG) strain sensors, divided into four groups, are installed216
along the test pipe to measure dynamic strains in both the IL and CF directions, providing217
14 measurement points in the IL direction and 9 measurement points in the CF direction.218
The LUNA SM130 optical sensing interrogator was used to measure the dynamic strain,219
with calibration performed prior to the tests. Modal analysis is applied to obtain the VIV220
displacement, while the details and strain sensor distribution are displayed in appendix B.221

The physical parameters are shown in table 1. The first natural frequency in water is222
calculated as follows:223

𝑓𝑐1 =
𝜋

2

√(
1 +

𝐿2𝑇𝑝

𝜋2𝐸𝐼

)
𝐸𝐼

𝑚̄′𝐿4 , 𝑚̄′ = 𝑚̄ + 1
4
𝐶𝑚𝜌𝜋𝐷

2, (2.1)224

where 𝐶𝑚 is chosen as 1.00 for the free decay test (Khalak & Williamson 1997), 𝜌 =225
998 kg/m3 is the density of water in the ocean basin, and 𝑚̄ is mass per meter in air with226
value in table 1. The tested natural frequency is obtained by a free decay test, which differs227
by 5% from the theoretical value.228

The relative Reynolds number Re𝑟 := 𝑈𝐷/𝜈 is the Reynolds number Re with respect to229
the relative flow direction in the spanwise direction, and 𝑅𝑒𝑚 := 𝑈𝑚𝐷/𝜈 is defined as the230
maximum of relative Reynolds number 𝑅𝑒𝑟 , where 𝑈𝑚 is the maximum velocity shown in231
figure 1 and where 𝜈 = 1 × 10−6 m2/s is the kinematic viscosity of water. The apparatus232
is driven by a servo motor at a prescribed constant rotational speed to generate the desired233
flow field. A total of 58 experimental cases are conducted, maximum flow velocity𝑈𝑚 varied234
from 0.30 to 1.39 m/s with maximum Reynolds numbers Re𝑚 ranging from 8523 to 39 490235
within subcritical 𝑅𝑒 range (Achenbach 1971).236

2.2. Numerical method237

The numerical method is developed based on incompressible flow solver OpenFOAM with238
strip method expansion. The governing equation of the test pipe follows the tensioned Euler-239
Bernoulli beam model:240

𝐸𝐼
𝜕4𝝃 (𝑧, 𝑡)

𝜕𝑧4 − 𝜕

𝜕𝑧

[
𝑇
𝜕𝝃 (𝑧, 𝑡)

𝜕𝑧

]
+ 𝑐

𝜕𝝃 (𝑧, 𝑡)
𝜕𝑡

+ 𝑚̄
𝜕2𝝃 (𝑧, 𝑡)

𝜕𝑡2
= 𝑭(𝑧, 𝑡), (2.2)241
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Parameter Value
Pipe model length 𝐿 7.64 m
Hydrodynamic diameter 𝐷 28.41 mm
Bending stiffness 𝐸𝐼 58.6 Nm2

Mass per meter in air 𝑚̄ 1.24 kg/m
Mass ratio 𝑚∗ 1.96
Damping ratio 𝜁 2.58%
Pre-tension 𝑇𝑝 980 N
Calculated first natural frequency 𝑓𝑐1 1.51 Hz
Calculated second natural frequency 𝑓𝑐2 3.00 Hz
Tested first natural frequency 𝑓1 1.59 Hz

Table 1: Values of physical properties of the test pipe model.

where 𝝃 = [𝜉𝑥 , 𝜉𝑦] is the vibration displacement in the IL and CF directions, 𝑐 = 2𝑚̄𝜔𝑑𝜁242
is the structural damping, 𝜔𝑑 is the dominant frequency, 𝑇 is the tension of the pipe, and243
𝑭 = [𝐹𝑥 , 𝐹𝑦] is the force in the IL and CF directions. In the numerical configuration, the244
pipe is fixed in space and is exposed to a prescribed bidirectionally sheared flow profile that245
is steady in time but varies along the span. Specifically, the local inflow velocity is imposed246
as a function of the spanwise coordinate, such that both its magnitude and direction change247
with 𝑍 to reproduce the equivalent bidirectionally sheared flow profile, as shown in figure248
1(b). The simulations aim to avoid the wake effects of the rotating pipe and the difficulty249
of using a dynamic mesh. For each flow case, the simulation is advanced for approximately250
60 s of physical time to ensure that the VIV response fully develops. The initial transient251
stage is discarded, and only the last 40% of the time record, containing at least 20 vibration252
periods after the response reaches a statistically steady state, is used for post-processing. A253
representative VIV development process is shown in appendix A, and VIV response takes254
about 15 s to reach the fully developed regime.255

The force of each strip is obtained using incompressible Navier–Stokes equations solver256
OpenFOAM. Each strip domain has a size of 20𝐷 × 50𝐷, with the cylinder located in257
the center of the domain. The boundary conditions are set as symmetry on the top and258
bottom boundaries, and inlet and outlet on the left and right boundaries, respectively, which259
is consistent with Bourguet et al. (2013) and Fan et al. (2019b). The flow is solved using260
the SST 𝑘 − 𝜔 turbulence model with second-order accuracy in both spatial and temporal261
discretizations, and the time step is constrained by a Courant number less than unity. The262
force is obtained based on263

𝑭 =
∮

(𝑝𝑰 + 𝜇𝑹𝑑𝑒𝑣) · d𝑺, (2.3)264

where 𝑝 is the pressure, 𝑹𝑑𝑒𝑣 is the deviatoric Reynolds stress tensor (Jasak 1996), 𝜇 is the265
dynamic viscosity of the fluid and 𝑺 is the face area vector. The weak-coupling algorithm is266
applied for VIV simulation, where the fluid and structural domains exchange data once per267
time step. For more details, including the time step and mesh size independence analysis268
for the simulation framework, refer to Fu et al. (2025b). Five numerical simulations are269
performed at maximum Reynolds numbers Re𝑚 of 13 637, 17 330, 21 876, 28 216, and 32 672270
in the present study. Both the experimental and numerical results are processed using the271
same procedures, as described below.272
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3. Mean drag properties273

The VIV response of a flexible pipe consists of three components: (1) the mean displacement274
in the IL direction induced by the mean drag, (2) the fluctuating VIV response superimposed275
on the IL mean displacement with zero mean value which presents the IL VIV response,276
and (3) the fluctuating VIV response in the CF direction with zero mean value (Huera-277
Huarte 2006) which presents the CF VIV response. The inverse finite element method (Wu278
2011) is applied to reconstruct the spanwise distribution of hydrodynamic forces from strain279
measurements along the pipe. This approach has been adopted in the VIV community to280
overcome the practical difficulty of directly measuring distributed hydrodynamic forces on281
a flexible structure (Huera-Huarte 2025).282

Analysis of experimental results reveals a bidirectional distribution of mean IL displace-283
ment induced by the mean drag force, as figure 3(a) shows, which is attributed to the bidi-284
rectional characteristics of the flow field. This section introduces the characteristics of the285
mean drag, shear force, and moment, as well as the effects of the flow velocity distribution.286
In addition, the numerical simulation results are also presented to further strengthen the287
credibility of the findings.288

3.1. Mean displacement and mean drag coefficient289

Figure 3 illustrates the mean IL displacement 𝐴𝑚𝑒𝑎𝑛/𝐷 which is induced by the mean290
drag, the corresponding flow velocity distribution characterized by the relative Reynolds291
number 𝑅𝑒𝑟 , for the case associated with 𝑈𝑚 = 0.87 m/s, the maximum Reynolds number292
Re𝑚 = 2.48 × 104, and the maximum mean IL displacement 𝐴𝑚𝑒𝑎𝑛,𝑚/𝐷 across different293
test conditions. Here, 𝐴𝑚𝑒𝑎𝑛,𝑚 is defined as the spanwise maximum of the magnitude of the294
local mean IL displacement 𝐴𝑚𝑒𝑎𝑛,𝑚 ≡ max𝑧∈[0,𝐿 ] |𝐴𝑚𝑒𝑎𝑛 (𝑧) |. In figure 3(a), the blue curve295
represents the flow velocity profile, which displays a bidirectional shear pattern. The velocity296
reaches its minimum value of −𝑈𝑚 at 𝑍 = 0, and increases linearly toward a maximum value297
of about𝑈𝑚 at 𝑍 = 𝐿. The black curve denotes the mean IL displacement distribution, which298
exhibits a sinusoidal shape, consistent with the applied flow condition.299

Figure 3(b) presents the polynomial fit of the relationship between the maximum mean300
displacement 𝐴𝑚𝑒𝑎𝑛,𝑚 and the flow velocity. The black circles and blue squares represent301
the experimental and simulation results of the mean displacement, respectively. The fitted302
curve adopts a quadratic form with a zero intercept from experimental data, expressed as303
𝐴𝑚𝑒𝑎𝑛,𝑚/𝐷 = 0.51𝑈2

𝑚−0.05𝑈𝑚. The fitting indicates that the second-order term dominates304
the correlation, suggesting a nonlinear dependence of the mean displacement on the inflow305
velocity magnitude. The blue squares represent the simulation results, which agree well with306
the experimental data, exhibiting the same second-order trend.307

The mean drag 𝐹𝑚𝑑 (𝑧) is the mean value of force in the IL direction in equation (2.2) as308
the time average of the drag force as 𝐹𝑚𝑑 (𝑧) = 〈𝐹𝑥 (𝑧, 𝑡)〉𝑡 , and the drag coefficient 𝐶𝑑 (𝑧) is309
expressed as:310

𝐶𝑑 (𝑧) =
2𝐹𝑚𝑑 (𝑧)

𝜌𝐷𝑈 (𝑧) |𝑈 (𝑧) | , (3.1)311

where 𝑈 (𝑧) denotes the local flow velocity at spanwise position 𝑧. As shown in figure 3, the312
maximum mean IL displacement is approximately 1.0𝐷 as 28.41 mm. Over a segment of313
length 0.25𝐿, the corresponding local inclination angle is estimated to be 0.84◦, indicating314
that its influence on the normal-velocity correction is negligible. Therefore, we use 𝑈 (𝑧) as315
the reference velocity in equation (3.1). However, it should be noted that this conclusion is316
only validated over the Reynolds-number range Re ∈ [8523, 39 490] in the present study,317
and a correction would be required for higher Re and larger length-to-diameter ratios.318

Figure 4 presents the spanwise distribution of the drag coefficient 𝐶𝑑 (𝑧) for six repre-319
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Figure 3: Mean displacement distribution along the pipe and maximum value versus flow
velocity: (a) Mean displacement distribution in the IL direction (black line ), relative
flow velocity distribution (blue line ) at 𝑈𝑚 = 0.87 m/s (Re𝑚 = 2.48 × 104) based on
experimental data. (b) Maximum mean displacement 𝐴𝑚𝑒𝑎𝑛,𝑚/𝐷 versus𝑈𝑚 of experiment
results (black circle ◦) and simulation results (blue square □), fitting result based on 𝑈𝑚

(red line ) as 𝐴𝑚𝑒𝑎𝑛,𝑚/𝐷 = 0.51𝑈2
𝑚 − 0.05𝑈𝑚.

sentative cases with increasing flow velocity𝑈𝑚 = 0.58, 0.73, 0.87, 1.05, 1.21 and 1.37 m/s.320
Across all cases, the mirrored curves (red squares, □) closely collapse onto the measurements321
over most of the span, demonstrating that the spanwise distribution of the mean drag is322
largely symmetric with respect to the mid-span (𝑍/𝐿 = 0.5). In particular, both the averaged323
value and the spatial variation trend of 𝐶𝑑 (𝑧) are well reproduced by the mirrored profiles,324
which indicates that the drag coefficient distributions remain consistent when the background325
velocity direction changes. The mirrored profiles show some small differences from the mea-326
surements, mainly occurring in the mid-span velocity direction change region and near the327
two ends, where our experimental boundary condition setup, shown in figure 2, can introduce328
such small asymmetry over the spanwise direction. In flexible pipe VIV studies, analysis329
typically focuses on a well-behaved spanwise region with consistent response statistics, while330
portions affected by end boundary conditions and local singularities are excluded, and this331
practice also reflects the main VIV region of engineering risers (Trim et al. 2005).332

Meanwhile, overlaying the spanwise distributions of the VIV response 𝐴𝐶𝐹/𝐷 and the333
drag coefficient 𝐶𝑑 does not reveal an obvious one-to-one relationship. For example, fig-334
ures 4(a) and (b) show essentially the same CF response shape but different 𝐶𝑑 distributions,335
and a similar observation can be made by comparing figures 4(c) and (d). In flexible pipe VIV336
analysis, it is therefore more common to examine relationships based on spanwise-averaged337
quantities as discussed below.338

Figure 5(a) presents the spanwise distribution of the drag coefficient 𝐶𝑑 for the case of339
𝑈𝑚 = 1.19 m/s. Only the two valid regions (0.1 ⩽ 𝑍/𝐿 ⩽ 0.4 and 0.6 ⩽ 𝑍/𝐿 ⩽ 0.9) are340
reported: measurements near the two ends are excluded due to end effects, whereas the central341
region is omitted because the extremely low local flow velocity yields unrealistically large𝐶𝑑342
values from equation (3.1), as shown in figure 4. Within the retained regions, 𝐶𝑑 fluctuates343
around its spanwise-averaged value. Moreover, the close agreement between the original and344
mirrored distributions supports the use of a near-symmetric mean-drag assumption in the345
subsequent analysis.346

Figure 5(b) shows the mean drag coefficient 𝐶𝑑𝑚, defined as the spanwise-average drag347
coefficient 𝐶𝑑𝑚 = 〈𝐶𝑑 (𝑧)〉𝑍 , which is averaged over the selected spanwise regions shown in348
figure 5(a). The values of 𝐶𝑑𝑚 remain nearly constant across cases with different Reynolds349
numbers Re𝑚. To quantify this trend, we further compute the average value over all 𝑁 test350

conditions within 𝑅𝑒𝑚 ∈ [8523, 39 490] in figure 5(b) as 𝐶𝑑𝑚 = 1
𝑁

∑𝑁
𝑛=1 𝐶

(𝑛)
𝑑𝑚 , where 𝐶 (𝑛)

𝑑𝑚351

denotes the mean drag coefficient of the 𝑛th test condition. Here, we obtain 𝐶𝑑𝑚 = 1.47 for352
the present study based on experimental data as shown in figure 5(b). The blue squares denote353
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Figure 4: Drag coefficient 𝐶𝑑 (black circle with dash line ◦ ) , mirrored drag coefficient
from 𝑍/𝐿 < 0.5 (red square □), and nondimensional root-mean-square displacement in
the CF direction 𝐴𝐶𝐹/𝐷 (blue dashed line - -) of different cases based on experimental
data: (a) 𝑈𝑚 = 0.58 m/s (Re𝑚 = 1.65 × 104), (b) 𝑈𝑚 = 0.73 m/s (Re𝑚 = 2.07 × 104),
(c)𝑈𝑚 = 0.87 m/s (Re𝑚 = 2.47 × 104), (d) 𝑈𝑚 = 1.05 m/s (Re𝑚 = 2.98 × 104), (e)
𝑈𝑚 = 1.21 m/s (Re𝑚 = 3.44 × 104), and (f) 𝑈𝑚 = 1.37 m/s (Re𝑚 = 3.89 × 104).

simulation results processed using the same procedure as the experimental data stated above354
and show good agreement with the measurements.355

We further investigate the relation between the drag coefficient and the VIV displacement356
magnitude by plotting the maximum root-mean-square CF displacement amplitude along357
the spanwise direction 𝐴𝐶𝐹,𝑚𝑎𝑥/𝐷 in figure 5(b). Here, figure 5(b) shows that the mean358
drag coefficient of a flexible pipe under bidirectionally sheared flow exhibits limited sen-359
sitivity to changes in 𝑅𝑒𝑚, even though the VIV response amplitude in the CF direction360
displays an amplitude jump phenomenon when increasing 𝑅𝑒𝑚. This suggests that there361
is no clear relationship between the mean drag coefficient and VIV amplitude subject to362
bidirectionally sheared flow. This behavior differs from that observed in uniform flow, where363
the span-averaged drag coefficient 𝐶𝑑𝑚 is generally found to be strongly correlated with364
the CF vibration amplitude. For example, Vandiver (1983) proposed the empirical relation365
𝐶𝑑𝑚 = 𝐶𝑑0 [1+1.043(2𝐴𝐶𝐹,𝑚𝑎𝑥/𝐷)0.65], and Jhingran et al. (2008) subsequently extended366
this approach to sectional drag coefficients as 𝐶𝑑 (𝑧) = 𝐶𝑑0 [1 + 1.043(2𝐴𝐶𝐹 (𝑧)/𝐷)0.65],367
where 𝐶𝑑0 is the stationary bluff cylinder drag coefficient under same Re. However, in368
bidirectionally sheared flow VIV, we found that the mean drag coefficient 𝐶𝑑𝑚 does not369
display an obvious correlation with the maximum RMS displacement 𝐴𝐶𝐹,𝑚𝑎𝑥 in the CF370
direction shown in figure 5(b), and the sectional drag coefficient 𝐶𝑑 (𝑧) does not show a clear371
dependence on local response displacement 𝐴𝐶𝐹 (𝑧) shown in figure 4. Instead, the trend372
between 𝐶𝑑𝑚 and 𝑅𝑒𝑚 in figure 5(b) is consistent with the linearly sheared flow results373
(Song et al. 2016b), where the drag coefficient was found to be relatively insensitive to374
Reynolds number for Re > 5×104. This agreement suggests that the reversal of flow direction375
has a negligible influence on the mean drag coefficient within the Reynolds number range376

Rapids articles must not exceed this page length
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Figure 5: Drag coefficient 𝐶𝑑 along the pipe and the mean drag coefficient 𝐶𝑑𝑚 with
different 𝑅𝑒𝑚 cases: (a) Drag coefficient (black circle with dashed line ◦ ) at 𝑈𝑚 =
1.19 m/s (Re𝑚 = 3.38 × 104) for 𝑍/𝐿 ∈ [0.1, 0.4] ∪ [0.6, 0.9] based on experimental
data. (b) Mean drag coefficient versus 𝑅𝑒𝑚 of experimental results (black circle ◦) and
simulation results (blue square □), maximum root-mean-square CF displacement along the
spanwise direction from Fu et al. (2022a) (green diamond �) and the mean value of mean
drag coefficient of all experimental cases 𝐶𝑑𝑚 = 1.47 (red line ).

considered here. The mean drag coefficient 𝐶𝑑𝑚 = 1.47 averaged across different 𝑅𝑒𝑚 is377
performed using the experimental data in the present study due to greater credibility.378

3.2. Shear force and moment379

The drag coefficients on both sides of the flexible pipe are similar, whereas the flow velocities380
are opposite, resulting in the generation of opposing drag forces. Consequently, the flexible381
pipe can be considered to experience a pair of forces acting in opposite IL directions with382
a shear force distribution, resulting in an antisymmetric mean displacement distribution, as383
shown in figure 3 (a).384

The shear force distribution 𝑉 (𝑧) is obtained by integrating the distributed force 𝐹𝑚𝑑 (𝑧)385
along the pipe and subtracting both the total force and the first-order moment as (Clough &386
Penzien 2003):387

𝑉 (𝑧) =
∫ 𝐿

0
𝐹𝑚𝑑 (𝜁)d𝜁 −

1
𝐿

∫ 𝐿

0
𝐹𝑚𝑑 (𝜁)𝜁d𝜁 −

∫ 𝑧

0
𝐹𝑚𝑑 (𝜁)d𝜁, (3.2)388

and then the bending moment distribution 𝑀 (𝑍) is389

𝑀 (𝑧) =
∫ 𝑧

0
𝑉 (𝜁)d𝜁 . (3.3)390

Figure 6(a) presents the shear force distribution 𝑉 (𝑧) of case 𝑈𝑚 = 0.87 m/s (Re𝑚 =391
24 717). The positive shear force maximum 𝑉𝑚𝑎𝑥 appears near the midpoint of the pipe in392
the cases of bidirectionally sheared flow, as figure 6(a) shows, which is different from the393
classical uniformly loaded beam, where the shear force vanishes at the center. For a uniformly394
loaded beam, the shear force is zero at the midpoint and reaches its maximum magnitude395
at the supports on both ends (Clough & Penzien 2003). This distribution is analogous to396
the drag force conditions under uniform and linearly sheared flows, where the force exerted397
along the structure also follows a spatially varying pattern with shear force extrema near the398
ends. Figure 6(b) illustrates the relationship between the maximum shear force, 𝑉𝑚𝑎𝑥 , and399
the dimensionless term, 0.5𝜌𝐷𝐿𝑈2, across all test conditions. A clear linear correlation is400
evident, with the fitted data yielding a shear force coefficient of 𝐶𝑠 = 0.0619. Similarly, the401
solid blue squares represent the simulation results, which agree closely with the experimental402
data and thereby enhance confidence in the simulations, given that both results are processed403
using the same procedures.404
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Figure 6: Shear force 𝑉 along the pipe and the maximum shear force in different cases:
(a) Shear force 𝑉 (𝑧) distribution (black line ) along the pipe at 𝑈𝑚 = 0.87 m/s (Re𝑚 =
2.48 × 104) based on experimental data. (b) Maximum shear force 𝑉𝑚𝑎𝑥 in different cases
(black dots •), fitting line (red line ) with 𝑉𝑚𝑎𝑥 = 1

2𝐶𝑠𝜌𝐷𝐿𝑈2
𝑚, 𝐶𝑠 = 0.0619 based on

experiment data, and simulation results (solid blue square ■).

Furthermore, figure 7 illustrates the bending moment distribution based on equation (3.3).405
Figure 7(a) displays the distribution for a representative case with 𝑈𝑚 = 0.87 m/s (Re𝑚 =406
24 717), revealing a relatively symmetric pattern characterized by two extreme points.407
The variation |𝑀 |𝑚𝑎𝑥 with flow velocity is also analyzed. Using the dimensionless term408
0.5𝜌𝐷𝐿2𝑈2, curve fitting yields a bending moment coefficient of 0.0159. For vortex-409
induced vibration of flexible pipes under unidirectional flow (Fu et al. 2025b), the mean410
displacement in the IL direction does not exhibit the distinct bidirectional distribution411
observed under bidirectional shear flow, and no extrema of shear force or bending moment412
appear in spanwise. The solid blue squares represent the simulation results which agree well413
with the experimental data.414

Based on the above analysis, we draw the following conclusions regarding the first research415
question posed in § 1:416

The bidirectionally sheared inflow introduces a characteristic bidirectional (antisymmet-417
ric) mean IL displacement distribution that follows the sign change of the local flow velocity.418
As shown in figure 3(a), 𝐴𝑚𝑒𝑎𝑛 (𝑧) exhibits an approximately sinusoidal spanwise variation,419
and the spanwise maximum 𝐴𝑚𝑒𝑎𝑛,𝑚 increases nonlinearly with the mean inflow magnitude,420
with a dominant quadratic dependence on 𝑈𝑚, as shown in figure 3(b). In contrast, the421
corresponding mean drag coefficient distribution remains largely symmetric with respect422
to the mid-span: the measured 𝐶𝑑 (𝑧) is well reproduced by the mirrored profiles over most423
of the span as shown in figure 4, and the spanwise-averaged value 𝐶𝑑𝑚 stays nearly constant424
across the tested Re range as shown in figure 5(b).425

Because the two spanwise halves experience opposite flow directions but similar drag co-426
efficients, the structure is effectively subjected to two opposing mean drag loadings, leading427
to a non-classical mean shear-force distribution with a maximum near the mid-span and a428
bending-moment distribution with two extrema as shown in figures 6 to 7. These extrema429
identify the locations where the mean load effects are most pronounced, and therefore provide430
a physically motivated indication of potential damage-prone regions under bidirectionally431
sheared flow, which is fundamentally different from the unidirectional-flow case where such432
spanwise extrema of mean shear force and moment do not arise.433

3.3. Flow velocity distribution effect434

As stated in § 2, the bidirectionally sheared flow generated by the circular rotating apparatus is435
not perfectly symmetric in the experiments, exhibiting an offset of approximately 4.5% with436
only small variations due to pipe vibration; accordingly, we represent the velocity profile as437
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Figure 8: Shear force 𝑉 and bending moment 𝑀 with different flow velocity Re𝑟
distributions: (a) Flow relative Reynolds number Re𝑟 distribution, the maximum Reynolds
number is fixed as Re𝑚 = 2.19 × 104 with three flow velocity cases by simulation:
Re𝑟 ∈ [−𝑅𝑒𝑚, 𝑅𝑒𝑚] (black line ), Re𝑟 ∈ [−0.75𝑅𝑒𝑚, 𝑅𝑒𝑚] (red dash-dotted line -
·-), and Re𝑟 ∈ [−0.5𝑅𝑒𝑚, 𝑅𝑒𝑚] (blue dashed line - -), and one case by experiment:
Re𝑟 ∈ [−0.95𝑅𝑒𝑚, 𝑅𝑒𝑚] (green dotted line · ·). (b) Mean displacement 𝐴𝑚𝑒𝑎𝑛/𝐷 of four
cases; (c) Shear force 𝑉 distribution of four cases; (d) Bending moment 𝑀 distribution of
four cases.

[−0.95Re𝑚,Re𝑚]. By contrast, the numerical simulations assume a perfectly antisymmetric438
flow velocity distribution over the spanwise direction. Here, we consider the experimental439
offset to cross-validate the credibility of the experimental and numerical simulation results,440
which also provides supporting evidence that our experimental setup can effectively gen-441
erate the bidirectionally sheared flows. Moreover, numerical simulations are employed to442
investigate the mean displacement characteristics under two non-symmetric flow velocity443
distributions to investigate the flow velocity distribution effect.444

Figure 8 presents the distributions of the shear force 𝑉 and bending moment 𝑀 under445
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different flow conditions from numerical simulations, characterized by the range of relative446
Reynolds number Re𝑟 ∈ [−𝑅𝑒𝑚, 𝑅𝑒𝑚] (black line ), Re𝑟 ∈ [−0.75𝑅𝑒𝑚, 𝑅𝑒𝑚] (red line ),447
Re𝑟 ∈ [−0.5𝑅𝑒𝑚, 𝑅𝑒𝑚] (blue line ), where Re𝑚 = 2.19 × 104. Figure 8 also show one case448
obtained from the experiment with Re𝑟 ∈ [−0.95𝑅𝑒𝑚, 𝑅𝑒𝑚] (green dotted line · ·). As shown449
in figure 3, the experimental distribution of 𝐴𝑚𝑒𝑎𝑛/𝐷 is not perfectly antisymmetric because450
the imposed velocity profile contains a small offset as described in § 2, whereas the numerical451
results exhibit perfect symmetry by construction. Despite this difference, the experimental452
and numerical results agree well in overall magnitude, including the extreme values of all453
three response parameters 𝐴𝑚𝑒𝑎𝑛, 𝑉 , and 𝑀 as shown in figure 8(b-d). It should also be454
noted that, due to limitations of the current experimental setup, real-time measurement of the455
velocity profile offset is not yet feasible; therefore, treating the experimental velocity profile456
as antisymmetric in future studies is a reasonable approximation. Here, figure 8(a) shows457
the flow velocity distribution, and figure 8(b) shows the corresponding mean displacement458
distribution. As the magnitude of flow velocity at 𝑍/𝐿 = 0 decreases, the antisymmetric459
pattern of mean displacement gradually diminishes. When the flow velocity on one side is460
reduced to half (blue lines), the opposite mean displacement shape disappears (figure 8b),461
and the resulting displacement distribution resembles that induced by unidirectional linearly462
sheared flow (Song et al. 2016a).463

Figures 8(c) and (d) show the shear force and bending moment distributions of these464
cases. It is observed that as the edge flow velocity at 𝑍/𝐿 = 0 decreases, the shear force465
value at the corresponding end is reduced. However, the central shear force extrema remain466
comparable to those under bidirectionally sheared flow with 𝑅𝑒𝑟 ∈ [−𝑅𝑒𝑚, 𝑅𝑒𝑚], even when467
the magnitude of the edge velocity is reduced to 0.5Re𝑚. In contrast, figure 8(d) shows that468
the bending moment significantly changes. The antisymmetric bending moment distribution,469
which resembles the mean displacement pattern, transitions to a profile similar to the linearly470
sheared flow case when the magnitude of the edge velocity is reduced to 0.5Re𝑚.471

4. VIV hydrodynamic properties472

In this section, we analyze the VIV hydrodynamic properties based on the numerical simu-473
lation results, using the distributed response along the pipe length for hydrodynamic iden-474
tification. Flow field measurements were not conducted in the present experiments due to475
practical limitations associated with the long test pipe and the rotating towing apparatus.476
The inverse finite element method (Wu 2011; Song et al. 2016a) is applied to reconstruct477
the spanwise distribution of hydrodynamic forces. This inverse identification method can478
produce the continuous force distribution and has been validated with CFD strip force results.479
The force decomposition introduced later is then applied to obtain the corresponding force480
components. Previous experimental studies have demonstrated that the flexible pipe VIV481
exhibits pronounced multi-frequency response behavior (Bourguet et al. 2012, 2013; Ma482
et al. 2022), which becomes more evident in bidirectionally sheared flow (Fu et al. 2022a,c).483
Conventional least squares (Wu 2011), energy-based (Wang et al. 2021a), and Fourier series484
(Fan et al. 2019a) methods have been shown to inadequately capture the hydrodynamic char-485
acteristics of VIV with multi-frequency responses. The forgetting-factor least squares method486
is then employed for the effective identification of multi-frequency VIV hydrodynamics (Liu487
et al. 2018, 2020; Fu et al. 2024).488

For flexible pipes, the dominant frequency VIV remains the primary concern, as it often489
contributes most significantly to fatigue damage (Baarholm et al. 2006). This section first an-490
alyzes the hydrodynamic forces associated with dominant VIV under bidirectionally sheared491
flows, followed by an investigation of the time-varying VIV hydrodynamic response.492
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Figure 9: Illustration of the VIV force decomposition in equation (4.1). The total force 𝐹𝑦 is
decomposed into two components: 𝐹𝑒, the excitation force that is in phase with the velocity
and represents the fluid excitation associated with VIV; and 𝐹𝑚, the added-mass force that
is in phase with the acceleration and represents the instantaneous added-mass contribution.

4.1. Dominant frequency VIV hydrodynamic properties493

The VIV hydrodynamic force can be decomposed into the excitation force 𝐹𝑒, which is in494
phase with velocity and represents the energy exchange between the structure and the fluid,495
and the added mass force 𝐹𝑚, which is in phase with acceleration and reflects the added mass496
effect (Sarpkaya 1995):497

𝐹𝑦 (𝑧, 𝑡) =
1

2
√

2 ¤𝜉𝑦,rms(𝑧)
𝜌𝐷𝑈2(𝑧)𝐶𝑒 (𝑧, 𝑡) ¤𝜉𝑦 (𝑧, 𝑡)︸                                             ︷︷                                             ︸

𝐹𝑒

− 𝜋𝐷2

4
𝜌𝐶𝑚(𝑧, 𝑡) ¥𝜉𝑦 (𝑧, 𝑡),︸                           ︷︷                           ︸

𝐹𝑚

(4.1)498

where 𝐶𝑒 is the excitation coefficient and 𝐶𝑚 is the added mass coefficient. This force499
decomposition has been widely used in engineering practice to support VIV prediction. To500
obtain the dominant frequency component of the hydrodynamic force, we apply the band-501
pass filter with a range of 0.8 to 1.2 times the sectional vibration dominant frequency obtained502
from the peak of the power spectral density. Figure 9 schematically illustrates the VIV force503
decomposition adopted in equation (4.1). The CF hydrodynamic force 𝐹𝑦 is expressed as504
the sum of two components: an excitation force 𝐹𝑒 and an added-mass force 𝐹𝑚. Here, the505
excitation force 𝐹𝑒 is in phase with the transverse velocity and quantifies the portion of the506
fluid force responsible for energy exchange with the structure. The added-mass force 𝐹𝑚507
is in phase with the transverse acceleration and represents the instantaneous added-mass508
contribution. By projecting 𝐹𝑦 onto these two orthogonal directions, figure 9 provides a509
geometric interpretation of how the total VIV force is partitioned between the energy-input510
mechanism 𝐹𝑒 and the added-mass mechanism 𝐹𝑚. The angle 𝛼 characterizes the relative511
phase of the resultant force in this reference frame.512

For the dominant hydrodynamic force F̂y in spatial and temporal distributions, we have:513

F̂y =

Spanwise Location−−−−−−−−−−−−−−→
𝐹̂𝑦 (𝑧1, 𝑡1) 𝐹̂𝑦 (𝑧2, 𝑡1) · · · 𝐹̂𝑦 (𝑧𝑛, 𝑡1)
𝐹̂𝑦 (𝑧1, 𝑡2) 𝐹̂𝑦 (𝑧2, 𝑡2) · · · 𝐹̂𝑦 (𝑧𝑛, 𝑡2)

...
...

. . .
...

𝐹̂𝑦 (𝑧1, 𝑡𝑚) 𝐹̂𝑦 (𝑧2, 𝑡𝑚) · · · 𝐹̂𝑦 (𝑧𝑛, 𝑡𝑚)

𝑚×𝑛,

yTime (4.2)514

where ˆ(·) represents the dominant frequency part obtained by band-pass filter, F̂y is an 𝑚×𝑛515
matrix, 𝑛 represents the number of spanwise locations and 𝑚 denotes the number of time516
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steps. Then we have the matrix A as:517

A =

Spanwise Location−−−−−−−−−−−−−−→
E(𝑧1) ¤̂𝜉𝑦 (𝑧1, 𝑡1) M(𝑧1) ¥̂𝜉𝑦 (𝑧1, 𝑡1) · · · E(𝑧𝑛) ¤̂𝜉𝑦 (𝑧𝑛, 𝑡1) M(𝑧𝑛) ¥̂𝜉𝑦 (𝑧𝑛, 𝑡1)
E(𝑧1) ¤̂𝜉𝑦 (𝑧1, 𝑡2) M(𝑧1) ¥̂𝜉𝑦 (𝑧1, 𝑡2) · · · E(𝑧𝑛) ¤̂𝜉𝑦 (𝑧𝑛, 𝑡2) M(𝑧𝑛) ¥̂𝜉𝑦 (𝑧𝑛, 𝑡2)

...
...

. . .
...

...

E(𝑧1) ¤̂𝜉𝑦 (𝑧1, 𝑡𝑚) M(𝑧1) ¥̂𝜉𝑦 (𝑧1, 𝑡𝑚) · · · E(𝑧𝑛) ¤̂𝜉𝑦 (𝑧𝑛, 𝑡𝑚) M(𝑧𝑛) ¥̂𝜉𝑦 (𝑧𝑛, 𝑡𝑚)

𝑚×2𝑛,︸                   ︷︷                   ︸
𝑧1 location

︸                   ︷︷                   ︸
𝑧𝑛 location

yTime

(4.3)518
the size of A is 𝑚 × 2𝑛, and E(𝑧) and M(𝑧) are the excitation and added mass force non-519
dimensional items, respectively:520

E(𝑧) = 𝜌𝐷𝑈2(𝑧)
2
√

2 ¤̂𝜉𝑦,rms(𝑧)
, M(𝑧) = − 𝜌𝜋𝐷2

4
. (4.4)521

Considering equation (4.1) for the dominant hydrodynamic force, the hydrodynamic coef-522
ficients at location 𝑧 𝑗 ( 𝑗 = 1, 2, · · · , 𝑛) can be expressed as 𝐶𝑒 (𝑧 𝑗) and 𝐶𝑚(𝑧 𝑗). Then we523
have:524

F̂𝑦 (𝑧 𝑗) = A(𝑧 𝑗)C(𝑧 𝑗), (4.5)525

where F̂𝑦 (𝑧 𝑗) is the dominant CF force of location 𝑧 𝑗 in time domain which is 𝑗 th column of526

F̂y in equation (4.2) with size of 𝑚 × 1, A(𝑧 𝑗) is the non-dimensional matrix at location 𝑧 𝑗527
which is (2 𝑗 − 1)th and (2 𝑗)th column of A in equation (4.3) with size of 𝑚 × 2. C(𝑧 𝑗) is the528
hydrodynamic coefficient matrix with a size of 2 × 1:529

C(𝑧 𝑗) =
[
𝐶𝑒 (𝑧 𝑗)
𝐶𝑚(𝑧 𝑗)

]
2×1

, (4.6)530

then we have hydrodynamic coefficients at the 𝑧 𝑗 location based on least squares regression531
as follows:532

C(𝑧 𝑗) =
(
A>(𝑧 𝑗)A(𝑧 𝑗)

)−1 A>(𝑧 𝑗)F̂𝑦 (𝑧 𝑗), (4.7)533

and the spanwise distribution of hydrodynamic coefficients can be obtained by traversing the534
spanwise location. The following linearly sheared flow and uniform flow cases are taken from535
Fu et al. (2025b).536

Figure 10 presents the simulation results for a unidirectional linearly sheared flow case537
with𝑈𝑚 = 0.80 m/s. All panels are generated from the simulation data, and additional details538
are provided in Fu et al. (2025b). Figure 10(a) shows the nondimensional mean displacement539
𝐴𝑚𝑒𝑎𝑛/𝐷 and the root-mean-square CF and IL response amplitudes, 𝐴𝐶𝐹/𝐷 and 𝐴𝐼𝐿/𝐷, re-540
spectively. Figure 10(b) shows the phase difference between IL and CF directions, expressed541
as:542

𝜙𝑥𝑦 (𝑧, 𝑡) =
[
𝜙𝑥 (𝑧, 𝑡) −

𝑓𝑥 (𝑧, 𝑡)
𝑓𝑦 (𝑧, 𝑡)

𝜙𝑦 (𝑧, 𝑡), mod 360◦
]
, (4.8)543

where 𝜙𝑥 (𝑧, 𝑡) and 𝜙𝑦 (𝑧, 𝑡) are the instantaneous phases of the dominant IL and CF response,544
respectively, as545

𝜙𝑥 (𝑧, 𝑡) = arg
(
𝜉𝑥 (𝑧, 𝑡) + iH(𝜉𝑥 (𝑧, 𝑡)

)
,

𝜙𝑦 (𝑧, 𝑡) = arg
(
𝜉𝑦 (𝑧, 𝑡) + iH(𝜉𝑦 (𝑧, 𝑡)

)
,

(4.9)546

where H represents the Hilbert transform, and 𝑓𝑥 (𝑧, 𝑡) and 𝑓𝑦 (𝑧, 𝑡) represent the instanta-547
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Figure 10: Dominant hydrodynamic properties along the pipe of the linearly sheared
flow case 𝑈𝑚 = 0.80 m/s (Re𝑚 = 2.27 × 104) with unidirectional flow distribution
based on numerical simulation data: (a) Spanwise distribution of VIV response of mean
displacement (blue dashed line - -), IL (orange dash-dotted line -·-) and CF (black line
) RMS displacement. (b) Histogram of phase difference 𝜙𝑥𝑦 , where a selected moment

of phase difference is presented in black line ( ). (c) Excitation (black line ) and added
mass (red dashed line - -) coefficient distributions. (d) to (h) Instantaneous vorticity
contours 𝜔𝑧 correspond to the red circular dots (•) in subfigure (a) of locations of 𝑍/𝐿 =
0.0256, 0.2632, 0.4737, 0.6842 and 0.8947 with coordinates plotted in meters. Blue to red:
negative to positive values with fixed [−30, 30] range.

neous dominant response frequencies at different spanwise locations obtained based on the548
local maxima of the wavelet transform magnitude. Let W[𝜉𝑥] (𝑧, 𝑡, 𝑓 ) and W[𝜉𝑦] (𝑧, 𝑡, 𝑓 )549
denote the wavelet transform of the dominant response in the IL and CF directions. Then,550
the instantaneous dominant frequencies are defined as (Lilly & Olhede 2012):551

𝑓𝑥 (𝑧, 𝑡) = arg max
𝑓

��W[𝜉𝑥] (𝑧, 𝑡, 𝑓 )
�� , 𝑓𝑦 (𝑧, 𝑡) = arg max

𝑓

��W[𝜉𝑦] (𝑧, 𝑡, 𝑓 )
�� , (4.10)552

where 𝑓𝑥 (𝑧, 𝑡) and 𝑓𝑦 (𝑧, 𝑡) represent the instantaneous dominant frequencies in the in-line553
and cross-flow directions, respectively, obtained by identifying the frequency corresponding554
to the maximum wavelet transform magnitude at each spanwise location 𝑧 and time 𝑡, and the555
phase difference of select time is shown in black line. Figure 10(c) presents the hydrodynamic556
coefficients determined by equation (4.7), whereas figure 10(d)-(h) show the contour of 𝜔𝑧 =557
𝜕𝑣/𝜕𝑥 − 𝜕𝑢/𝜕𝑦 within the range [−30, 30], corresponding to the red dots highlighted in558
figure 10(a) with locations of 𝑍/𝐿 = 1

19 ,
5
19 ,

9
19 ,

13
19 and 17

19 . It should be noted that the results559
in this section are illustrated based on simulation results.560

In the linearly sheared flow case, the maximum velocity occurs at 𝑍/𝐿 = 1. As shown in561
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figure 10, the mean displacement exhibits an asymmetric distribution, with larger displace-562
ments observed in regions subjected to higher flow velocities. The CF direction is dominated563
by the first mode response, whereas the IL direction is dominated by the third mode response.564
A phase jump is observed at the nodes in the IL direction. The hydrodynamic coefficients565
exhibit stochastic behavior. The hydrodynamic coefficient 𝐶𝑒, associated with the dominant566
mode of the flexible pipe, is generally correlated with the motion trajectory (Fan et al. 2019b),567
whereas 𝐶𝑚 is typically related to the wake pattern (Wang et al. 2021a). The response568
characteristics of the flexible pipe become more complex under bidirectionally sheared flow.569
This study aims to analyze the hydrodynamic properties, with a particular emphasis on570
evaluating whether the hydrodynamic behavior of a flexible pipe in a bidirectional flow field571
resembles that in a unidirectional flow field. Figure 11 presents the simulation results of the572
dominant VIV result under uniform flow of 𝑈 = 1.4 m/s (Re = 4.34 × 104). The mean573
IL displacement exhibits a symmetric distribution around the midpoint, and the phase jump574
phenomenon is also discovered in the IL VIV displacement node. The spatial distribution575
of hydrodynamic coefficients likewise reveals more complex variations with higher order576
VIV. It can also be observed that the uniform-flow case exhibits a more pronounced mean577
IL displacement shown in figure 11(a). The maximum mean IL displacement exceeds 5.0𝐷,578
which shifts the cylinder substantially from its original position in the vorticity contours.579
In contrast, for the subsequent bidirectionally sheared flow case, the mean IL displacement580
remains below 1.0𝐷.581

Figure 12 to figure 14 present the dominant hydrodynamic properties of the bidirectionally582
sheared flow cases 𝑈𝑚 = 0.61 m/s, 0.99 m/s and 1.15 m/s with Re𝑚 corresponding to583
1.73 × 104, 2.81 × 104 and 3.27 × 104, respectively. All panels are generated based on584
numerical simulation data. The low velocity region near the midpoint is omitted. Taking585
the bidirectionally sheared flow condition with 𝑈𝑚 = 0.61 m/s as an example, as shown586
in figure 12, it has been previously demonstrated in figure 3 that the mean displacement of587
the flexible riser in the IL direction exhibits an antisymmetric pattern under bidirectionally588
sheared flow. An analysis of the influence of the background current profile on the phase589
difference of the dominant mode reveals that, for VIV under bidirectionally sheared flow,590
the phase difference generally exhibits an antisymmetric distribution around the midpoint591
(Wang et al. 2021b). Phase jumps continue to occur at the nodes of the IL-dominated mode,592
with a phase shift of approximately 𝜋 between adjacent regions along the pipe, maintaining an593
antisymmetric pattern around the midpoint. The dominant mode phase distribution is relevant594
for semi-empirical prediction studies. The observed phase difference patterns between the595
dominant CF and IL responses offer valuable insights for guiding future research.596

Similarly, under bidirectionally sheared flows with 𝑈𝑚 = 0.99 m/s (Re𝑚 = 2.81 × 104)597
and 𝑈𝑚 = 1.15 m/s (Re𝑚 = 3.27 × 104) (as shown in figure 13 and figure 14), the phase598
difference exhibits a variation similar to that observed at𝑈𝑚 = 0.61 m/s. As the flow velocity599
further increases, for the case of𝑈𝑚 = 0.99 m/s, a phase jump of 𝜋 is still observed at the IL600
nodes; however, a more complex phase transition appears near the mid-span of the model (as601
shown in figure 13). The cases of 𝑈𝑚 = 0.99 m/s and 𝑈𝑚 = 1.15 m/s exhibit similar phase602
variation patterns, with the phase difference distribution remaining antisymmetric about the603
structural midpoint under bidirectionally sheared flow induced VIV.604

Further investigations are conducted on the distributions of the excitation force coefficient605
and the added mass coefficient along the riser. Due to the unique antisymmetric velocity606
profile of the bidirectionally sheared flow, whether the excitation force coefficient𝐶𝑒 exhibits607
symmetry about the midpoint determines the feasibility of approximating the flow field using608
a symmetric unidirectional profile (by taking the absolute value of the bidirectional shear flow609
velocity) for engineering predictions. For the cases discussed in this study, the distribution610
of the excitation force coefficient generally displays an approximately symmetric pattern611
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Figure 11: Dominant hydrodynamic properties along the pipe of the uniform flow case𝑈𝑚 =
1.40 m/s (Re𝑚 = 4.34 × 104) with unidirectional flow distribution based on numerical
simulation data: (a) Spanwise distribution of VIV response of mean displacement (blue
dashed line - -), IL (orange dash-dotted line -·-) and CF (black line ) RMS displacement.
(b) Histogram of phase difference 𝜙𝑥𝑦 , where a selected moment of phase difference is
presented in black line ( ). (c) Excitation (black line ) and added mass (red dashed line
- -) coefficient distributions. (d) to (h) Instantaneous vorticity contours 𝜔𝑧 correspond to
the red circular dots (•) in subfigure (a) with coordinates plotted in meters. Blue to red:
negative to positive value with fixed [−96, 96] range.

about the midpoint, although strict symmetry is not observed. For example, in figure 12(c),612
the excitation coefficients at both sides exhibit a distribution pattern resembling that of a613
third-mode like response, characterized by positive-negative-positive symmetry. A similar614
distribution is observed in figure 13(c). In figure 14(c), this symmetric variation pattern615
becomes even more pronounced, with the excitation force coefficient reaching an extreme616
value of −1. Nevertheless, the patterns near the mid-span boundaries (𝑍/𝐿 = 0.65 and617
𝑍/𝐿 = 0.35) are not completely identical. In the dominant frequency VIV, the added618
mass coefficients are not always correlated with wake pattern. For the unidirectional linearly619
sheared flow case shown in figure 10, subfigure (d) displays a P+S wake pattern associated620
with the negative 𝐶𝑚, while the other subfigures exhibit 2S wake patterns with occasional621
third small vortex and corresponding positive 𝐶𝑚 values. The high-order uniform flow VIV622
case does not exhibit a hydrodynamic region with a relatively constant value in figure 11.623
For bidirectionally sheared flow induced VIV, a pronounced traveling wave phenomenon624
is observed, and the hydrodynamic force distribution exhibits clear temporal variations.625
The hydrodynamic characteristics at the dominant frequency are not fully correlated with626
the wake pattern, shown in supplementary movie 1 for the linearly sheared flow case with627
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Figure 12: Dominant hydrodynamic properties along the pipe of the bidirectionally sheared
flow case 𝑈𝑚 = 0.61 m/s (Re𝑚 = 1.73 × 104) based on numerical simulation data: (a)
Spanwise distribution of VIV response of mean displacement (blue dashed line - -), IL
(orange dash-dotted line -·-) and CF (black line ) RMS displacement. (b) Histogram of
phase difference 𝜙𝑥𝑦 , where a selected moment of phase difference is presented in black line
( ). (c) Excitation (black line ) and added mass (red dashed line - -) coefficient distributions.
(d) to (h) Instantaneous vorticity contours 𝜔𝑧 correspond to the red circular dots (•) in
subfigure (a) with coordinates plotted in meters. Blue to red: negative to positive value with
fixed [−40, 40] range.

𝑈𝑚 = 0.80 m/s and in supplementary movie 2 for the bidirectionally sheared flow case628
with 𝑈𝑚 = 0.99 m/s. However, figures 12 to 14 indicate that, at both ends of the pipe, the629
wake patterns exhibit consistent variation with the added mass coefficient at the dominant630
frequency; the negative 𝐶𝑚 corresponds to P+S or 2P wake patterns. The time-varying631
hydrodynamic properties will be illustrated in the next section.632

In general, the added mass coefficient 𝐶𝑚 of a flexible pipe undergoing vortex-induced633
vibration tends to remain close to 1.00 throughout most of its length, which leads to the634
choice for the engineering prediction (Wu et al. 2023). In the figure 10 and figure 12 of the635
low mode VIV presented in the previous section, the added mass coefficient in the dominant636
mode remains close to unity along a large portion of the pipe length.637

Spectral proper orthogonal decomposition (SPOD) is applied in the present study to an-638
alyze the dominant frequency connection between the flow field and flexible pipe (Sieber639
et al. 2016; Towne et al. 2018). The approach used in the present study is the one described640
by Towne et al. (2018). Here, we apply SPOD to the flexible pipe VIV wake based on641
numerical simulation data to identify the dominant frequency components and associated642
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Figure 13: Dominant hydrodynamic properties along the pipe of the bidirectionally sheared
flow case 𝑈𝑚 = 0.99 m/s (Re𝑚 = 2.81 × 104) based on numerical simulation data: (a)
Spanwise distribution of VIV response of mean displacement (blue dashed line - -), IL
(orange dash-dotted line -·-) and CF (black line ) RMS displacement. (b) Histogram of
phase difference 𝜙𝑥𝑦 , where a selected moment of phase difference is presented in black line
( ). (c) Excitation (black line ) and added mass (red dashed line - -) coefficient distributions.
(d) to (h) Instantaneous vorticity contours 𝜔𝑧 correspond to the red circular dots (•) in
subfigure (a) with coordinates plotted in meters. Blue to red: negative to positive value with
fixed [−40, 40] range.

coherent structures. We define the cross-spectral density matrix at frequency 𝑓 :643

S ( 𝑓 ) = 1
𝐸

𝐸∑
𝑛=1

𝝎̂𝑛 ( 𝑓 ) 𝝎̂𝑛 ( 𝑓 )†, (4.11)644

where the matrix S ( 𝑓 ) is the cross-spectral density matrix at frequency 𝑓 , which is con-645
structed by averaging over 𝐸 overlapping time segments, 𝝎̂𝑛 ( 𝑓 ) denotes the Fourier trans-646
form of the 𝑛th time window of the spanwise vorticity field𝜔𝑧 (𝑥, 𝑦, 𝑡) at frequency 𝑓 and (·)†647
denotes the Hermitian of the argument. The SPOD modes and corresponding energy content648
are obtained by solving the eigenvalue problem:649

S ( 𝑓 ) 𝝓 𝑗 ( 𝑓 ) = 𝜆 𝑗 ( 𝑓 ) 𝝓 𝑗 ( 𝑓 ), (4.12)650

where 𝜆 𝑗 ( 𝑓 ) ∈ R+ is the energy of the 𝑗 th mode at frequency 𝑓 , and 𝝓 𝑗 ( 𝑓 ) is the spatial651
structure of the 𝑗 th SPOD mode at frequency 𝑓 . The open implementation of the SPOD652
algorithm is used in the present study (Schmidt & Colonius 2020), and details can be found653
in the original source code.654

Figures 15 and 16 show the SPOD results for bidirectionally sheared flow cases at 𝑈𝑚 =655
0.48 m/s (Re𝑚 = 1.36 × 104) and 𝑈𝑚 = 0.99 m/s (Re𝑚 = 2.81 × 104). All panels are656
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Figure 14: Dominant hydrodynamic properties along the pipe of the bidirectionally sheared
flow case 𝑈𝑚 = 1.15 m/s (Re𝑚 = 3.27 × 104) based on numerical simulation data: (a)
Spanwise distribution of VIV response of mean displacement (blue dashed line - -), IL
(orange dash-dotted line -·-) and CF (black line ) RMS displacement. (b) Histogram of
phase difference 𝜙𝑥𝑦 , where a selected moment of phase difference is presented in black line
( ). (c) Excitation (black line ) and added mass (red dashed line - -) coefficient distributions.
(d) to (h) Instantaneous vorticity contours 𝜔𝑧 correspond to the red circular dots (•) in
subfigure (a) with coordinates plotted in meters. Blue to red: negative to positive value with
fixed [−70, 70] range.

generated from the simulation data. For the strips at 𝑍/𝐿 = 0.10 and 0.30, the local flow is657
from positive to negative, whereas at 𝑍/𝐿 = 0.70 and 0.90 it is from negative to positive.658
The nondimensional dominant frequency is defined as 𝑓 ∗ = 𝑓𝑑𝑜𝑚𝑖/ 𝑓𝑐1, where 𝑓𝑑𝑜𝑚𝑖 denotes659
the peak frequency and 𝑓𝑐1 is the first computed natural frequency listed in table 1, and the660
𝑓 ∗ resolution is about 0.09. In both cases, the first SPOD mode is overwhelmingly dominant,661
capturing more than 99% of the total modal energy, and its spatial structure is broadly662
consistent across strips; the key difference lies in how the dominant frequency varies along663
the flexible pipe.664

For the lower-velocity case𝑈𝑚 = 0.48 m/s as shown in figure 15, the SPOD peak frequen-665
cies in the four strips scale primarily with the local current speed. Specifically, the ratios of666
the dominant SPOD frequencies are approximately 1 : 0.53 : 0.37 : 0.89, which are close667
to the corresponding ratios of the local Strouhal shedding frequencies. We compute local668
Strouhal shedding frequencies as 0.2𝑈 (𝑧)/𝐷 assuming a Strouhal number of 0.2 (Bourguet669
et al. 2013), which can be estimated as 1 : 0.53 : 0.41 : 0.88 based on the strip Reynolds670
numbers ratio. This indicates that, in this regime, the energetic wake dynamics are governed671
mainly by the local vortex-shedding frequency rather than by the global structural vibration672
modes.673

For the higher-velocity case 𝑈𝑚 = 0.99 m/s as shown in figure 16, our previous exper-674
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Figure 15: SPOD results at different spanwise locations for the bidirectionally sheared flow
case with𝑈𝑚 = 0.48 m/s (Re𝑚 = 1.36× 104) based on numerical simulation data. (a), (c),
(e), and (g): SPOD mode 1 energy spectra at different 𝑍/𝐿 = 0.0256, 0.2632, 0.6842, and
0.8947, respectively. The dominant frequency 𝑓 ∗ is marked by a red dashed line and labeled
above the peak. (b), (d), (f), and (h): First spatial SPOD mode at the corresponding dominant
frequency with coordinates plotted in meters. The colorbar range is fixed to [−20, 20] for
comparison.
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Figure 16: SPOD results at different spanwise locations for the bidirectionally sheared flow
case with𝑈𝑚 = 0.99 m/s (Re𝑚 = 2.81× 104) based on numerical simulation data. (a), (c),
(e), and (g): SPOD mode 1 energy spectra at 𝑍/𝐿 = 0.0256, 0.2632, 0.6842, and 0.8947,
respectively. The dominant frequency 𝑓 ∗ is marked by a red dashed line and labeled above
the peak. (b), (d), (f), and (h): First spatial SPOD mode at the corresponding dominant
frequency with coordinates plotted in meters. The colorbar range is fixed to [−20, 20] for
comparison.

imental study (Fu et al. 2022a) showed that the dominant displacement frequency varies675
along the span, with the mid-span governed by the first mode and regions near the two ends676
dominated by the second mode. Here, we have 𝑓 ∗ = 1 and 𝑓 ∗ = 1.99 corresponding to677
the first and second-order structural natural frequencies according to the definition of non-678
dimensional 𝑓 ∗ and their values in Table 1. Consistent with this trend, the SPOD spectra679
in figure 16 exhibit dominant peaks that cluster near the first-order ( 𝑓 ∗ = 1) and second-680
order ( 𝑓 ∗ = 1.99) structural natural frequencies, even though the corresponding locations681
are the same as figure 15 and are not distributed symmetrically. We therefore interpret this682
higher-velocity regime as a lock-in dominated state, in which the wake dynamics are governed683
primarily by the structural vibration frequency rather than by the local Strouhal frequency684
(Bourguet et al. 2013).685
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Moreover, the flexible pipe vibrates in both the IL and CF directions and may exhibit686

different dominant frequencies in each direction, which can jointly influence the SPOD687
results. However, CF vibration is typically more important because it has larger amplitudes688
and contributes more to fatigue damage (Huera-Huarte 2025). Here, the peak frequencies689
associated with the leading SPOD modes shown in figures 15 and 16 are closely aligned690
with the dominant response frequency of VIV in the CF direction instead of the IL direction,691
which indicates that the dominant fluid energy distribution is primarily aligned with the CF692
vibration pattern. Overall, the SPOD results serve here as supporting evidence for a transition693
from Strouhal-governed wake dynamics at lower velocity to lock-in governed wake dynamics694
at higher velocity in bidirectionally sheared flow, and meanwhile SPOD offers an efficient695
framework for studying the VIV lock-in phenomenon.696

Based on the above analysis, we draw the following conclusions regarding the second and697
third research questions posed in § 1:698

(1) Effect of the antisymmetric velocity distribution on the VIV phase. The unique antisym-699
metric velocity distribution of the bidirectionally sheared flow does not alter the phase distri-700
bution of the VIV response. A clear phase jump of approximately 𝜋 is consistently observed701
at the IL nodes shown in figures 12(b), 13(b), and 14(b), indicating that the fundamental702
phase jump phenomenon remains unchanged under bidirectionally sheared flow.703

(2) Symmetry of the excitation coefficient at the velocity-reversal point. The excitation704
force coefficient 𝐶𝑒 exhibits a reasonably symmetric distribution about the flow velocity705
reversal point, suggesting that the two half-spans contribute in a nearly mirrored distribution706
shown in figures 12(c), 13(c), and 14(c). This symmetry indicates the potential to simplify707
a bidirectionally sheared flow case into two separate unidirectional sheared flow cases for708
engineering prediction purposes.709

The property of the added mass coefficient distribution requires further time-domain in-710
vestigation and will be discussed in the following subsections.711

4.2. Time-varying hydrodynamic properties712

In the previous subsection, the hydrodynamic forces at the dominant frequency were obtained713
using the least squares method. However, the least squares approach performs poorly in714
identifying multi-frequency VIV responses and capturing time-varying coefficients (Liu715
et al. 2018). The forgetting-factor least squares (FFLS) algorithm (Fortescue et al. 1981) is716
a variant of least-squares estimation that was originally developed in the adaptive control717
community. It has been applied in VIV research to identify time-varying hydrodynamic718
coefficients (Liu et al. 2020). Here we define719

F ∗
y (𝑧, 𝑡𝑠) = H∗

𝑠 (𝑧, 𝑡𝑠)𝜽𝑠 (𝑧, 𝑡𝑠),
F ∗

y (𝑧, 𝑡𝑠) =
[
𝛽𝑠−1𝐹𝑦 (𝑧, 𝑡1) , 𝛽𝑠−2𝐹𝑦 (𝑧, 𝑡2) , 𝛽𝑠−3𝐹𝑦 (𝑧, 𝑡3) , · · · , 𝛽0𝐹𝑦 (𝑧, 𝑡𝑠)

]>
𝑠×1 ,

H∗
𝑠 (𝑧, 𝑡𝑠) =

[
𝛽𝑠−1E∗(𝑧, 𝑡1) ¤𝜉 (𝑧, 𝑡1) , 𝛽𝑠−2E∗(𝑧, 𝑡1) ¤𝜉 (𝑧, 𝑡2) , · · · , E∗(𝑧, 𝑡1) ¤𝜉 (𝑧, 𝑡𝑠)
𝛽𝑠−1M∗(𝑧) ¥𝜉 (𝑧, 𝑡1) , 𝛽𝑠−2M(𝑧) ¥𝜉 (𝑧, 𝑡2) , · · · , M(𝑧) ¥𝜉 (𝑧, 𝑡𝑠)

]>
𝑠×2

,

𝜽 (𝑧, 𝑡𝑠) =
[
𝐶𝑒 (𝑧, 𝑡𝑠)
𝐶𝑚 (𝑧, 𝑡𝑠)

]
2×1

,

𝑠 ∈ N+, 1 ⩽ 𝑠 ⩽ 𝑚,
(4.13)720

where 𝛽 ∈ (0, 1] provides different weight on data at different time, and 𝛽 = 1.00 corre-721
sponds to the ordinary least squares algorithm, and E∗(𝑧, 𝑡𝑠) is the time-varying excitation722
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dimensional item:723

E∗(𝑧, 𝑡𝑠) =
𝜌𝐷𝑈2(𝑧)

2
�� ¤𝜉𝑦 (𝑧, 𝑡𝑠)�� . (4.14)724

Based on the least square fit algorithm, the parameters to be identified need to minimize the725
sum of the squared errors between F ∗

y (𝑧, 𝑡𝑠) and H∗
𝑠 (𝑧, 𝑡𝑠)𝜽𝑠 (𝑧, 𝑡𝑠) as 𝐽 (𝜽), which follows:726

𝜕𝐽 (𝜽)
𝜕𝜽

����̂
𝜽𝑠

=
𝜕

𝜕𝜽

(
F ∗

y (𝑧, 𝑡𝑠) − H∗
𝑠 (𝑧, 𝑡𝑠)𝜽𝑠 (𝑧, 𝑡𝑠)

)> (
F ∗

y − H∗
𝑠 (𝑧, 𝑡𝑠)𝜽𝑠 (𝑧, 𝑡𝑠)

)����̂
𝜽𝑠

= 0, (4.15)727

then we have:728

𝜽̂𝑠 (𝑧, 𝑡𝑠) =
(
H∗

𝑠
>(𝑧, 𝑡𝑠)H∗

𝑠 (𝑧, 𝑡𝑠)
)−1 H∗

𝑠
>(𝑧, 𝑡𝑠)F ∗

y (𝑧, 𝑡𝑠)

=
(
H𝑠

>(𝑧, 𝑡𝑠)L𝑠H𝑠 (𝑧, 𝑡𝑠)
)−1 H𝑠

>(𝑧, 𝑡𝑠)L𝑠Fy (𝑧, 𝑡𝑠),
(4.16)729

where L𝑠 is the weighted matrix, which is a diagonal matrix L𝑠 = diag(𝜇𝑠−1, 𝜇𝑠−2, . . . , 𝜇, 1),730
𝜇 = 𝛽2, 𝜇 ∈ (0, 1], and 𝜇 is called the forgetting factor. The essence of this method731
is to assign lower weights to the data farther from the current moment of estimation. By732
traversing the spanwise positions 𝑧 and the time sequence, the time-domain distributions of733
the excitation coefficients and added mass coefficients along the riser can be obtained. The734
time-domain hydrodynamic coefficients exhibit complex temporal variations, as shown in735
the supplemental material.736

Figure 17 shows the instantaneous VIV hydrodynamic coefficients for the linearly sheared737
flow case 𝑈𝑚 = 0.80 m/s based on simulation results at the 𝑍/𝐿 = 0.80 location. Fig-738
ure 17(a) shows the IL and CF VIV response in the time domain, subfigure(b) shows the739
instantaneous excitation coefficient 𝐶𝑒 (𝑡) and added mass coefficient 𝐶𝑚(𝑡) based on equa-740
tion (4.16), and figure 17(c) to (f) show the instantaneous vorticity contours 𝜔𝑧 related to the741
red dot (left to right) time stamp.742

The time-domain characteristics of the added mass coefficient are more complex due to743
multi-mode and traveling wave phenomena (Huera-Huarte 2025). In previous studies of VIV744
under uniform flow, negative added mass coefficients are generally associated with P+S or 2P745
wake patterns (Wang et al. 2021a). Taking the linearly sheared flow case shown in figure 10(d)746
as an example, negative values of dominant 𝐶𝑚 correspond to a P+S wake shedding pattern.747
Similarly, under the bidirectional shear flow condition with 𝑈𝑚 = 0.99 m/s, as shown in748
figure 13(d), a 2P wake shedding pattern is also associated with negative dominant𝐶𝑚 values,749
which was also discovered in previous uniform flow VIV research (Wang et al. 2021a).750

However, at higher flow velocities, the traveling wave behavior of the flexible riser leads751
to more complex and unsteady wake shedding patterns. The analysis is further extended752
to investigate this phenomenon by conducting a simplified examination of the time-domain753
hydrodynamic forces at different sections of the flexible riser under various flow conditions.754
Figure 18 presents the time-domain vortex-induced hydrodynamic forces at cross-sections of755
the riser under the bidirectionally sheared flow case of 𝑈𝑚 = 0.99 m/s based on numerical756
simulation results. In both cases, a pronounced traveling wave response is present. As a result,757
the VIV response in the time domain is non-stationary and exhibits significant time-varying758
hydrodynamic characteristics. Examining the wake shedding patterns under the two flow759
conditions reveals that, for the linearly sheared flow case, the wake shedding transitions from760
the 2S mode to the P+S mode, as shown in figure 17 (c) to (f), accompanied by a change in761
the added mass coefficient from positive to negative. It should be noted that wake pattern762
transitions require time to develop. In figure 17(d), the flow experiences only a very short763
duration with negative 𝐶𝑚, during which the wake pattern still exhibits a 2S wake pattern.764
The transition between different wake patterns remains a subject for future investigation.765
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Figure 17: Instantaneous VIV hydrodynamic for linearly sheared flow case 𝑈𝑚 = 0.80 m/s
of simulation at 𝑍/𝐿 = 0.80 location based on numerical simulation data: (a) VIV response
in the CF direction (black line ) and IL direction (blue line ) in time domain. (b) Excitation
(black line ) and added mass (black dash line - -) coefficient in the time domain. (c) to (f)
Instantaneous vorticity contours 𝜔𝑧 at different time stamps correspond to the red circular
dots (•) in subfigures (a) and (b) from left to right (red dash line - -), with [−35, 35] range.
Subfigures (c), (d) and (e): 2S wake pattern; Subfigure (f): P+S wake pattern. Negative 𝐶𝑚:
subfigures (b) and (f).

For the bidirectionally sheared flow case, the added-mass coefficient exhibits a clear time-766
domain transition from positive to negative. Correspondingly, the wake shedding evolves767
across four instantaneous vorticity contours through a sequence of 2S (figure 18(c)) →768
P+S (figure 18(e)) → 2P patterns (figure 18(f)). Therefore, for both linearly sheared and769
bidirectionally sheared flows, negative instantaneous 𝐶𝑚 is consistently associated with the770
emergence of pronounced P+S and 2P wake patterns, in agreement with observations for771
uniform flow VIV (Fan et al. 2019b). In this context, our results indicate that, for the final772
question posed in §1, the added mass coefficient in bidirectionally sheared flow VIV remains773
closely linked to the P+S and 2P wake regimes, consistent with prior uniform flow VIV774
studies.775

5. Conclusions and future work776

This study investigates the hydrodynamic characteristics of a flexible pipe undergoing vortex-777
induced vibration in bidirectionally sheared flow, inspired by subsurface currents induced by778
internal solitons, which occur widely in the ocean. Through a combination of experimental779
measurements and validated numerical simulations, the effects of antisymmetric background780
flow on the structural response and hydrodynamic properties are systematically explored.781
The Reynolds number in the present study ranges from 8523 to 39 490, which lies within the782
subcritical regime (Achenbach 1971). This range covers most Reynolds numbers commonly783
investigated in VIV studies (Trim et al. 2005; Vandiver et al. 2005; Fan et al. 2019b). How-784
ever, extending the analysis to higher Reynolds numbers is necessary to more systematically785
characterize VIV response under bidirectionally sheared flow.786
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Figure 18: Instantaneous VIV hydrodynamic for bidirectionally sheared flow case 𝑈𝑚 =
0.99 m/s of simulation at 𝑍/𝐿 = 0.90 location based on numerical simulation data: (a) VIV
response in the CF direction (black line ) and IL direction (blue line ) in time domain. (b)
Excitation (black line ), added mass (black dash line - -) coefficient in the time domain,
and the gray line represents the zero value. (c) to (f) Instantaneous vorticity contours 𝜔𝑧

at different time stamps correspond to the red circular dots (•) in subfigures (a) and (b) from
left to right (red dash line - -), with [−35, 35] range. Subfigures (c) and (d): 2S wake pattern;
Subfigure (e): P+S wake pattern; subfigure (f): 2P wake pattern. Positive 𝐶𝑚: subfigure (c);
negative 𝐶𝑚: subfigures (d) to (f).

The mean in-line displacement exhibits a nearly antisymmetric distribution, and a787
quadratic relation is observed between the maximum displacement and flow velocity. The788
mean drag coefficient remains nearly constant across different Reynolds numbers with an789
average value of 𝐶𝑑𝑚 = 1.47, showing that the mean drag coefficient only has a weak790
dependence on the flow velocity of bidirectionally sheared flows. The resulting shear force791
and bending moment distributions differ from those in uniform flow VIV, exhibiting a792
maximum shear force near the mid-span and an antisymmetric bending moment profile793
resembling a sinusoidal function along the spanwise direction. Corresponding empirical794
formulas for the peak shear force and maximum moment are proposed. The relationship795
between spanwise distributions of VIV response and drag coefficients remains unclear and796
will be a topic for further investigation.797

The dominant frequency hydrodynamic analysis shows that the coefficient 𝐶𝑒 distribution798
is approximately symmetric about the mid-span, whereas the added mass coefficient 𝐶𝑚799
remains close to unity over most of the length. The phase difference between the cross-800
flow and in-line responses retains an antisymmetric pattern, with phase jumps of nearly 𝜋801
at the nodes of in-line modal shapes. In the time domain, significant unsteadiness in the802
hydrodynamic coefficients is captured using the forgetting-factor least squares approach.803
Notably, negative instantaneous added mass coefficients are observed during transitions to804
P+S and 2P wake patterns, indicating a strong correlation between unsteady wake dynamics805
and added mass variation. However, the relationship between added-mass oscillations and806
wake-pattern transitions remains unclear, and further research for higher Re is needed to807
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examine transition intermittency and hysteresis, using either scaled experiments with particle808
image velocimetry (Raffel et al. 2018) or complementary CFD studies.809

Spectral proper orthogonal decomposition (SPOD) of the flow field provides further in-810
sights into flow-structure interaction. At lower flow velocities, the dominant frequency distri-811
bution closely follows the background velocity profile, indicating that the fluid dynamics are812
governed by the Strouhal law. At higher velocities, the dominant frequencies become sym-813
metric and align with the structural vibration dominant frequency distribution, suggesting814
SPOD as a new analysis tool for the lock-in phenomenon in flexible pipe VIV.815

The present study opens several directions for future research. The simulation framework816
can be extended to more complex pipe systems, such as pipe clusters and configurations with817
geometric complexity and time-varying flow conditions. In addition, SPOD offers a potential818
tool for analyzing VIV such as connections between the hydrodynamic coefficient and the819
SPOD result, and mechanism analysis of the flexible pipe lock-in phenomenon (Bourguet820
et al. 2013). Fu et al. (2025b) provided a comprehensive steady flow experimental benchmark821
dataset for validating the simulation code, and the corresponding hydrodynamic analysis822
is presented in the current work. However, there also contain additional VIV experimental823
phenomena that cannot be fully explained by the experimental results alone, representing824
a key objective for future simulation efforts. This will also facilitate future work aimed at825
analyzing the shear rate of the flow profile, as systematically investigating the underlying826
VIV mechanisms across this parameter space through experiment will be conducted in the827
future.828
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Appendix A. Experimental apparatus credibility analysis838

In this appendix, we summarize the credibility analysis of the experimental apparatus based839
on our published work (Fu et al. 2022a), covering five aspects: (1) the influence of the wake840
generated by the upstream cylinder; (2) the time history of the VIV response; (3) water-depth841
effects; (4) noise induced by the experimental apparatus; and (5) experimental repeatability.842

(1) To obtain sufficient strain measurements for VIV analysis, the test pipe completes one843
full revolution in each run. Because the flow encountered during the second half-revolution844
is influenced by turbulence generated during the first half-revolution, we evaluate and dis-845
cuss the effect on the measured VIV strain response. Figure 19 compares the CF strain846
measurements obtained from one full revolution of the test pipe and from the two half-847
revolutions separately for a representative case 𝑈𝑚 = 0.48 m/s. As shown in figure 19(a),848
the spanwise distributions of the RMS strain 𝜀𝑟𝑚𝑠 from the three datasets nearly collapse849

https://github.com/xuepengfu/VIVdatashare
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Figure 19: Comparison of CF strain data based on the one circle, the first half-circle and
the second half-circle in case 𝑈𝑚 = 0.48 m/s (Re𝑚 = 1.37 × 104). (a) root-mean-square
of CF strains at measuring points along the test pipe. (b) Power spectral densities of CF
strains at the fifth sensor point of 𝑍/𝐿 = 0.50. In figure labels, 𝜇𝜀 denotes the microstrain
measurement.

over the entire length, with only minor deviations at a few sensor locations, indicating that850
the overall strain amplitude is insensitive to whether the data are taken from the first half-851
circle, the second half-circle, or the full circle. Consistently, figure 19(b) shows that the strain852
power spectral densities at 𝑍/𝐿 = 0.50 exhibit the same dominant frequency peak for all853
three datasets, while the secondary peaks and broadband levels remain very close. Overall,854
these comparisons suggest that potential wake effects from the first half-revolution have a855
negligible influence on the dominant VIV response, and the difference in the overall strain856
RMS level is 2.7% with limited effect.857

(2) The VIV time histories were also examined to ensure that a sufficiently long interval of858
statistically steady response was recorded for subsequent analysis. The results indicate that859
the time histories of our measurements contain nearly 50 VIV response periods, which is at860
the same level as the different experiment (Trim et al. 2005) and sufficient for analysis.861

(3) To minimize free-surface effects, four water depths, 1.00 m, 1.20 m, 1.30 m, and862
1.40 m, were tested to identify an appropriate experimental depth. The apparatus height is863
0.73 m (Fu et al. 2022a), and the corresponding distances between the pipe and the free864
surface are approximately 9.20𝐷, 16.20𝐷, 19.80𝐷, and 23.30𝐷, respectively. The overall865
differences of VIV strain among the four water-depth cases are within 7%. Therefore, the866
most conservative depth 1.40 m was selected for the formal experiments.867

(4) As shown in figure 2, the experimental apparatus comprises a complex mechanical868
system. During operation, these components inevitably generate mechanical noise. We assess869
the magnitude of this noise by comparing results from air tests and underwater tests. Figure 20870
compares the measured strain time histories at 𝑍/𝐿 = 0.50 for case 𝑈𝑚 = 1.39 m/s when871
the pipe is tested in water and when it is operated in air. The strain signal in air remains close872
to the zero baseline and is at least two orders of magnitude smaller than the VIV-induced873
strain in water, indicating that the mechanical/electrical background noise is less than 1%874
of the VIV signal amplitude. Therefore, the influence of the experimental apparatus on the875
measured VIV strain response is negligible for the present tests.876

(5) One repeat test at𝑈𝑚 = 0.99 m/s was conducted to strengthen the credibility of the VIV877
measurements. For the repeated run, the relative differences in CF displacement among all878
measurement points remain below 5%, and the maximum RMS VIV displacement is nearly879
identical, which demonstrates good experimental repeatability.880

In summary, the above checks indicate that the present experimental facility provides reli-881
able and repeatable measurements for the subsequent VIV hydrodynamic analyses. It should882
be noted that this appendix only provides a concise credibility summary for completeness,883
and the more comprehensive assessment of the apparatus and measurement methodology884
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Figure 20: Time histories of the measured strain at 𝑍/𝐿 = 0.50 for case 𝑈𝑚 = 1.39 m/s.
The black curve shows the strain recorded in water (VIV response), whereas the red curve
shows the strain recorded in air (background mechanical noise). Here, 𝜇𝜀 indicates the
microstrain measurement.

can be found in our previous work in Fu et al. (2022a). In addition to the bidirectionally885
sheared flow experiments, the updated experimental apparatus has also been used to conduct886
oscillatory sheared flow VIV experiments, as reported by Fu et al. (2024).887

Appendix B. Modal analysis in VIV experiment888

The displacement response in the IL and CF directions is reconstructed using a modal analysis889
method based on the measured strain data. Figure 21 shows the detailed layout of the CF and890
IL FBG strain sensors. In total, nine and fourteen sensors are installed to measure strains891
in the CF and IL directions, respectively. As illustrated in the unfold view, the sensors are892
distributed along the pipe spanwise coordinate and grouped into four longitudinal arrays as893
CF1/CF2 and IL1/IL2. The cross-section view shows that the two arrays for each direction894
are placed at opposite circumferential locations (separated by 180◦), with the CF and IL pairs895
oriented 90◦ apart, enabling independent reconstruction of VIV response in two directions.896

Assuming small deformation, the displacement in the CF direction 𝜉𝑦 (𝑧, 𝑡) can be ex-897
pressed as a linear combination of mode shapes:898

𝜉𝑦 (𝑧, 𝑡) =
𝑛∑
𝑖=1

𝑞𝑖 (𝑡)𝜙𝑖 (𝑧), 𝑧 ∈ [0, 𝐿], (B 1)899

where 𝑞𝑖 (𝑡) is the time-dependent modal weight, and 𝜙𝑖 (𝑧) is the 𝑖th spatial mode shape.900
The corresponding bending strain 𝜀𝑦 (𝑧, 𝑡) is related to the curvature and pipe radius 𝑅 =901

𝐷/2 shown in table 1:902

𝜀𝑦 (𝑧, 𝑡) = 𝑅
𝜕2𝜉𝑦

𝜕𝑧2 = 𝑅
𝑛∑
𝑖=1

𝑞𝑖 (𝑡)𝜙′′𝑖 (𝑧). (B 2)903

For the beam structure with pin-pin end, the 𝑖th mode shape is as follows:904

𝜙𝑖 (𝑧) = sin
(
𝑖𝜋𝑧

𝐿

)
, 𝑖 = 1, 2, · · · (B 3)905

with the corresponding curvature:906

𝜙′′𝑖 (𝑧) = −
(
𝑖𝜋

𝐿

)2
𝜙𝑖 (𝑧). (B 4)907
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Figure 21: Distribution of FBG strain sensors along test pipe model. Blue blocks denote
the strain sensors in the CF direction, and yellow blocks denote the strain sensors in the IL
direction. (a) Unfold view. (b) Cross-section view.

Thus, the strain becomes908

𝜀𝑦 (𝑧, 𝑡) = −𝑅
𝑛∑
𝑖=1

(
𝑖𝜋

𝐿

)2
𝑞𝑖 (𝑡)𝜙𝑖 (𝑧). (B 5)909

Given the measured strain 𝜀𝑦 (𝑧, 𝑡) and known 𝜙𝑖 (𝑧), the modal weights 𝑞𝑖 (𝑡) can be identi-910
fied via projection or regression. The displacement is then reconstructed using equation (B 1).911
To eliminate high-mode noise, modes are selected based on a curvature RMS threshold:912
modes with RMS values above 10% of the maximum are retained (Lie & Kaasen 2006).913

This modal reconstruction approach enables time-resolved displacement estimation from914
distributed strain measurements in both IL and CF directions. This approach has shown great915
accuracy for establishing the VIV displacement, and more details for this method are provided916
Fu et al. (2022a), Huera-Huarte (2006), and Lie & Kaasen (2006).917
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