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A B S T R A C T

The present study represents a data-driven turbulent model with Galilean invariance preservation based on
machine learning algorithm. The fully connected neural network (FCNN) and tensor basis neural network
(TBNN) (Ling et al., 2016) are involved and applied. The models are trained based on five kinds of flow cases
with Reynolds Averaged Navier–Stokes (RANS) and high-fidelity data. The mappings between two invariant
sets, mean strain rate tensor and mean rotation rate tensor as well as additional consideration of invariants
of turbulent kinetic energy gradients, and the Reynolds stress anisotropy tensor are trained. The prediction
of the Reynolds stress anisotropy tensor is treated as user’s defined RANS turbulent model with a modified
turbulent kinetic energy transport equation. The results show that both FCNN and TBNN models can provide
more accurate predictions of the anisotropy tensor and turbulent state in square duct flow and periodic flow
cases compared to the RANS model. The machine learning based turbulent model with turbulent kinetic energy
gradient related invariants can improve the prediction precision compared with only mean strain rate tensor
and mean rotation rate tensor based models. The TBNN model is able to predict a better flow velocity profile
compared with FCNN model due to a prior physical knowledge.
1. Introduction

In most industrial applications where resources and time are lim-
ited, the choice is often made to solve the Reynolds averaged Navier–
Stokes equations (RANS) in turbulent flow simulations [1]. The RANS
model employed ensemble/time-averaging method to eliminate tempo-
ral dependency for stationary turbulence, which will produce an term
named Reynolds stress need turbulence modeling closure. Turbulence
modeling is a primary source of uncertainty in the computational fluid
dynamics (CFD) simulations of turbulent flows. Many nonlinear eddy
models based on the Boussinesq approximation, such as the 𝑘 − 𝜖 and
𝑘−𝜔 models, and Reynolds stress transport models (RSTM), have been
proposed to model Reynolds stress [2]. However, RANS predictions
may be inaccurate in some canonical flows due to the poor description
of the effects of the Reynolds stresses on the mean flow [3]. On the
other hand, some CFD data with high fidelity, such as direct numerical
simulation (DNS) and highly resolved large eddy simulation (LES), have
been reported due to the use of high-performance computers and big
data techniques like machine learning algorithms. Research on data-
driven turbulent models has been carried out in the last few years

∗ Corresponding author at: State Key Laboratory of Ocean Engineering, Shanghai Jiao Tong University, Shanghai, 200240, China.
E-mail address: shixiao.fu@sjtu.edu.cn (S. Fu).

to improve the accuracy of turbulence model, in which supervised
machine learning (ML) algorithms have been applied mostly in this
research field [4].

The pioneer research of ML algorithms in fluid mechanic was to de-
velop a partial differential equation (PDE) solution method by directly
mapping the properties of the flow field to the velocity field. Milano
and Koumoutsakos [5] trained a neural network based on velocity fields
of DNS data to reconstruct the near wall turbulent flow. Raissi et al. [6]
develop the physics-informed neural networks (PINN) with modified
loss function incorporates PDE residuals. More specifically, several
proposed investigations already exist based on different algorithms for
establishing an improved Reynolds stress prediction model [7]. Tracey
et al. [8] established a Reynolds stress anisotropy prediction model by
kernel-based regression algorithms. Duraisamy et al. [9] applied two
types of ML methods, neural networks and Gaussian processes, to model
intermittency in transitional turbulence. Zhang and Duraisamy [10]
used a multiscale Gaussian process to model turbulence production in
channel flow. Ling and Templeton [11] used random forests to predict
regions of high model form uncertainty in RANS results. Zhang et al.
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[12] established a turbulent model based on the ensemble Kalman filter
method. In the latter case, uncertainty quantification has been applied
to develop predictive models in the absence of data by incorporating
stochastic terms that are intended to capture the effect of modeling
assumptions [13–15]. Reynolds stress is treated as an ellipsoid structure
with perturbation and rigid-body rotation in the studies mentioned
above . The Euler-angle-based representations of the perturbation is
considered for rotation. The predictions in different coordinate systems
needs to be transformed.

Galilean invariance, which states that laws do not alter in different
inertial frames of reference, is a fluid mechanics property pertaining to
the law of motion. Specifically, no matter how the frame of reference
is rotated, reflected, or translated, the pressure and velocity magnitude
will remain unchanged. As mentioned above, the Reynolds stress is
described as a three-dimensional ellipsoid with Euler-angle-based rep-
resentations to ensure Galilean invariance [16]. Another approach to
meet Galilean invariance in turbulent modeling is establishing the map-
ping based on invariance obtained from flow field data. Ling et al. [17]
investigated a machine learning-based turbulent prediction model. The
inputs were invariant terms derived from the flow fields. Duraisamy
et al. [9] and Ling and Templeton [11] applied feature selection al-
gorithms to optimize the input features. These models established the
mapping between invariants and Quantities of Interest (QoIs, e.g. sec-
ond principal invariant of Reynolds stress anisotropy tensor [17]). No
representation constrain based on a prior knowledge is applied for
modeling. Pope [18] proposed a complete representation of Reynolds
stress anisotropy tensor with invariants set derived from turbulence
data based on tensor valued function representation theory [19]. Ling
et al. [20] established the neural network to meet the turbulent model
proposed by Pope [18] named tensor based neural network (TBNN).
The TBNN embeds tensor functions into the machine learning algorithm
for turbulence simulation. In Pope’s turbulent model, only mean strain
rate tensor and mean rotation rate tensor are taken into consideration
which may lead to inaccuracy. Recent studies show that incorporat-
ing turbulent kinetic energy gradients, which reflects the historical
characteristics of turbulence, into turbulence models can improve the
predictive performance of the model [21–23]. However, the turbu-
lent kinetic energy gradients have not been integrated into the TBNN
model and the corresponding generalization performance has not been
investigated.

In the present study, the complete invariants sets based on mean
strain rate tensor, mean rotation rate tensor and turbulent kinetic
energy gradient are included for turbulence modeling based on a fully
connected neural network and a tensor basis neural network algorithm.
Five different types of flow cases are involved for training process. Two
different types of input data of square duct flow and periodic flow
are applied for analyzed. This paper is structured as follows. Section 2
introduces the methodology of invariant-based turbulent models and
the framework of the present study. Section 3 discusses the predictions
of the Reynolds stress anisotropy tensor and flow velocity profile of
square duct flow and periodic flow. Section 4 offers conclusions and
future research directions.

2. Method

2.1. Reynolds-averaged Navier–Stokes equation

For an incompressible, constant density and zero gravity flow, the
following RANS equations apply:

𝜕�̄�𝑖
𝜕𝑥𝑖

= 0, (1)

𝜕�̄�𝑖
𝜕𝑡

+ �̄�𝑗
𝜕�̄�𝑖
𝜕𝑥𝑗

= −1
𝜌
𝜕�̄�
𝜕𝑥𝑖

+ 𝜕
𝜕𝑥𝑗

(

𝜈
𝜕�̄�𝑖
𝜕𝑥𝑗

− 𝑢′𝑖𝑢
′
𝑗

)

, (2)
2

m

where �̄�𝑖 is the mean velocity, �̄� is the mean pressure and 𝜈 is the
inematic viscosity. The Reynolds stress term 𝑢′𝑖𝑢

′
𝑗 , which can also be

expressed as 𝜏𝑖𝑗 and 𝝉, can be written as:

𝜏𝑖𝑗 = 𝑢′𝑖𝑢
′
𝑗 =

2
3
𝑘𝛿𝑖𝑗 + 𝑎𝑖𝑗 , (3)

where 𝑘 = 1
2 𝑡𝑟(𝑢

′
𝑖𝑢

′
𝑗 ) is the turbulence kinetic energy, 𝛿𝑖𝑗 is the Kronecker

delta and 𝑎𝑖𝑗 is the Reynolds stress anisotropy tensor. The anisotropic
part of the Reynolds stresses is important and effective in transporting
momentum. The isotropic part is simply absorbed into a modified
pressure term.

Based on the Boussinesq approximation (𝑎𝑖𝑗 = −2𝜈𝑡𝑆𝑖𝑗), the RANS
equations can be written as:

𝜕�̄�𝑖
𝜕𝑥𝑖

= 0, (4)

𝜕�̄�𝑖
𝜕𝑡

+ �̄�𝑗
𝜕�̄�𝑖
𝜕𝑥𝑗

= −1
𝜌
𝜕𝑝′

𝜕𝑥𝑖
+ 2(𝜈 + 𝜈𝑡)

𝜕𝑆𝑖𝑗

𝜕𝑥𝑗
, (5)

where 𝑝′ = �̄�+ 2
3𝜌𝑘, 𝜈𝑡 is the turbulent viscosity and 𝑆𝑖𝑗 is the mean strain

rate tensor. The turbulent viscosity 𝜈𝑡 is modeled by PDEs in different
turbulent models. For example, the 𝑘 − 𝜔 turbulent model is modeled
by solving the governing equations of 𝑘 and 𝜔 and 𝜈𝑡 = 𝑘∕𝜔:

𝜏𝑖𝑗 =
𝑘
𝜔
𝑆𝑖𝑗 , 𝜔 = 𝜀

𝐶𝜇𝑘
, (6)

where 𝜔 is the specific turbulence dissipation rate, and 𝜀 is the turbu-
lence dissipation. 𝐶𝜇 = 0.09 is applied in the present study [24].

Another class of RANS turbulence models that will briefly be dis-
cussed is the Reynolds stress transport model (RSTM). Therein, the
Reynolds stress is modeled by the governing equation of Reynolds stress
𝑢′𝑖𝑢

′
𝑗 . RSTM turbulence models are more likely to diverge than Boussi-

nesq approximation based models [25]. Consequently, the Boussinesq
approximation based models remain the preferred method for many
flow cases.

2.2. Reynolds stress and realizability

As a positive semi-definite matrix, the eigenvalues of Reynolds stress
𝜏𝑖𝑗 are real and non-negative [26]:

𝜏𝑖𝑖 ≥ 0, 𝑖 = 1, 2, 3, (7)

Considering Cauchy–Schwarz inequality:

𝜏2𝑖𝑗 ≤ 𝜏𝑖𝑖𝜏𝑗𝑗 , 𝑖, 𝑗 = 1, 2, 3 (𝑖 ≠ 𝑗). (8)

Therefore, the diagonal values of the Reynolds stress are within [0, 2𝑘]
ased on Eq. (3), and the off-diagonal values are within [−𝑘, 𝑘]. The
eynolds stress tensor can be expressed as:

𝑖𝑗 = 2𝑘
( 1
3
𝛿𝑖𝑗 + 𝑏𝑖𝑗

)

, (9)

where 𝑏𝑖𝑗 (also 𝒃) is the non-dimensional Reynolds stress anisotropy
ensor, which can be expressed as:

𝑖𝑗 =
𝜏𝑖𝑗
2𝑘

− 1
3
𝛿𝑖𝑗 . (10)

Considering Eq. (8), the diagonal and off-diagonal values of non-
dimensional Reynolds stress anisotropy tensor meet [26]:

𝑏𝑖𝑗 ≤ 𝑏𝑖𝑖 + 𝑏𝑗𝑗 +
2
3
, 𝑖, 𝑗 = 1, 2, 3 (𝑖 ≠ 𝑗). (11)

Then, the Reynolds stress tensor can be transformed as follows by
eigenvalue decomposition:

𝜏𝑖𝑗 = 2𝑘
(1
3
𝛿𝑖𝑗 + 𝑣𝑖𝑛𝛬𝑛𝑙𝑣𝑗𝑙

)

, (12)

where 𝑣𝑖𝑗 is the eigenvector and 𝛬𝑖𝑗 = diag[𝜆1, 𝜆2, 𝜆3] is the diagonal
atrix containing the eigenvalues 𝜆 of 𝑏 with 𝜆 + 𝜆 + 𝜆 = 0 of 𝑏 .
𝑖 𝑖𝑗 1 2 3 𝑖𝑗
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Fig. 1. Periodic hills at 𝑅𝑒 = 10545 [29]. (a) mean velocity 𝑈 ; (b) anisotropy-invariant map of the Lumley triangle.
Fig. 2. Turbulent states of periodic hills at 𝑅𝑒 = 10545 [29] with Barycentric map. (a) Barycentric map; (b) colored Barycentric map used for colorbar; (c) anisotropy in the flow
field (turbulent state).
The eigenvalues of the Reynolds stress tensor (𝜙𝑖) can be related to
the eigenvalues of the Reynolds stress anisotropy tensor (𝜆𝑖) by:

𝜆𝑖 =
𝜙𝑖
2𝑘

− 1
3
, (13)

The 𝜙𝑖 falls in [0, 2𝑘], then 𝜆𝑖 are in the range [− 1
3 ,

2
3 ]. The different

eigenvalues satisfy the physical boundaries as [27]:

𝜆1 ≥
(

3 |
|

𝜆2|| − 𝜆2
)

∕2

𝜆1 ≤ 1∕3 − 𝜆2
(𝜆1 ≥ 𝜆2 ≥ 𝜆3) (14)

Overall, there are the following fundamental constraints of the
realizability of the non-dimensional Reynolds stress anisotropy tensor
𝑏𝑖𝑗 : (1) the diagonal value of 𝑏𝑖𝑗 should be greater than − 1

3 , and the
trace should be 0. (2) The value of 𝑏𝑖𝑗 should satisfy Eq. (11). (3) The
eigenvalues of 𝑏𝑖𝑗 should meet Eq. (14). More detailed derivations are
referred to Pope [26] and Banerjee et al. [27].

There exist three principle invariants of 𝑏𝑖𝑗 : 𝐼1 = 𝑏𝑖𝑖, 𝐼2 = 𝑏𝑖𝑗𝑏𝑗𝑖,
and 𝐼3 = 𝑏𝑖𝑗𝑏𝑖𝑛𝑏𝑗𝑛. 𝐼1 is the trace of 𝑏𝑖𝑗 equals to zero. Therefore,
there exist only two independent invariants of the anisotropy tensor
𝐼2 and 𝐼3. Many realizable states of turbulence anisotropy (noted as
anisotropy-invariant maps) have been proposed, such as the Lumley
triangle [28] and Barycentric map [27]. Fig. 1 displayed turbulent
states of periodic hills at 𝑅𝑒 = 10545 [29] with a Lumley triangle [30].
Fig. 2 displays the Barycentric map [27] of the same flow case. Different
from Lumley triangle, an equilateral triangle is used for plotting the
physical realizability in the Barycentric map as Fig. 2(a) shows. We can
color the Barycentric map with Red-Green-Blue(RGB) map as colormap
shown in Fig. 2(b), and the flow field can be colored for visualization
based colormap of Fig. 2(b) as (c) shows. In the present study, the
turbulent state is refereed to the anisotropy in the flow field. There
exist three corners of Barycentric map refer to three limiting state of
turbulence: one-component state (1C), two-component state (2C) and
three-component state (3C). The 1C state means turbulence exists only
one component of turbulent kinetic energy, turbulence in an area of
this type is only along one direction. The 2C state of turbulence means
one component of turbulent kinetic energy vanishes with the remaining
two being equal, and 3C state refer to isotropic turbulence [27].
3

2.3. Representation of isotropic tensor-valued function

The Navier–Stokes equations are Galilean invariant, which means
that the equations are the same in all inertial frames of reference, and
the model of the Reynolds stress anisotropy tensor should follow this
constraint. Otherwise, the predicted results will be different for flow
fields with axes defined in different directions.

Define a scalar-valued function 𝑓 ∶
{

R3×3,R1×3} → R. The nec-
essary and sufficient condition that 𝑓 is Galilean invariant applied
when:

𝑓
(

𝑸𝑨1𝑸𝑇 ,𝑸𝑨2𝑸𝑇 ,… ,𝑸𝐀𝑛𝑸𝑇 ,𝑸𝒗
)

= 𝑓
(

𝑨1,𝑨2,… ,𝑨𝑛 … , 𝒗
)

, 𝑨𝑖 ∈ R3×3, 𝒗 ∈ R1×3, 𝑸 ∈ 𝑂(3), (15)

where 𝑂(3) is the orthogonal group, and the function 𝑓 is called as
isotropic function. Furthermore, an isotropic tensor-valued function
𝑮 ∶ R3×3 → R3×3 with one variable 𝑨 can be spectrally decomposed
as:

𝑮(𝑨) =
𝑛
∑

𝑖=1
𝑡𝑖
(

𝜆1, 𝜆2, 𝜆3
)

𝑬𝑖, (16)

where 𝑡𝑖 ∶ R3 → R is a scalar function of eigenvalues of 𝑨, 𝜆𝑖 are the
invariants of 𝑨, and 𝑬𝑖 is the tensor basis.

As per the Cayley–Hamilton theorem [31], there exists a limited
number of linearly independent tensors bases (form-invariants) that can
be formed from 𝑨. It can be derived from the polynomial expression of
𝑨 with three tensor bases as 𝑰 (identity tensor), 𝑨 and 𝑨𝟐. Then Eq. (16)
can be further expressed as:

𝑮(𝑨) =
3
∑

𝑖=1
𝑡𝑖
(

𝜆1, 𝜆2, 𝜆3
)

𝑮𝑖, 𝑮𝑖 = 𝑨𝑖−1. (17)

In the present study, the normalized mean strain rate tensor and
mean rotation rate tensor are defined as:

𝑺 = �̂�𝑖𝑗 =
𝑆𝑖𝑗

(|𝛼| + |𝑆𝑖𝑗 |)
, 𝑆𝑖𝑗 =

1
2

(

𝜕�̄�𝑖
𝜕𝑥𝑗

+
𝜕�̄�𝑗
𝜕𝑥𝑖

)

,

𝑹 = �̂�𝑖𝑗 =
𝑅𝑖𝑗 , 𝑅𝑖𝑗 =

1
(

𝜕�̄�𝑖 −
𝜕�̄�𝑗

)

,
(18)
(|𝛼| + |𝑅𝑖𝑗 |) 2 𝜕𝑥𝑗 𝜕𝑥𝑖
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Fig. 3. Schematic of TBNN-5. A fully connected neural network contains an input layer (five invariants based on 𝑺 and 𝑹), hidden layer and output layer (ten scalar function
values in Eq. (20)). The output tensor is the sum of the dot product of the output layer values and ten input tensors (ten tensor bases based on 𝑺 and 𝑹).
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here 𝛼 = 𝜀∕𝑘 is the normalization factor. The normalized mean strain
ate tensor is expressed as 𝑆𝑖𝑗∕𝛼 in the previous research [18,20]. The
ormalization method in the present study will allow a smaller range
f values.

The traditional turbulent model based on the Boussinesq approxima-
ion assumes that the Reynolds stress anisotropy tensor is related to the
ean strain rate tensor 𝒃 ∼ 𝑺. If the mean rotation rate tensor is added

o the independent variable, a tensor-valued function 𝒃 = 𝑭 (𝑺,𝑹) is
adequately modeled.

Wang and Smith have investigated the representation theorem for
isotropic functions [32,33]. Eringen and Zheng summarized complete
and irreducible invariants and tensors basis of second-order symmetric
tensors, asymmetric tensors and vectors [34,35]. For the second-order
symmetric tensor 𝐴 and asymmetric tensor 𝑅, the complete and irre-
ducible set contains 7 invariants and 10 tensor bases. The invariants
can be expressed as:

�̃�1 = tr(𝑺), �̃�2 = tr(𝑺2), �̃�3 = tr(𝑺3), �̃�4 = tr(𝑹2), �̃�5 = tr(𝑺𝑹2),

�̃�6 = tr(𝑺2𝑹2), �̃�7 = tr(𝑺2𝑹2𝑺𝑹) (19)

In the 7 invariants, �̃�1 = 0 due to the continuity equation of
incompressible fluids, and �̃�27 has an implicit function connection with
the previous six invariants �̃�27 = 𝑡(�̃�1,… , �̃�6), with the proof is displayed
in Appendix. Therefore, the minima set contains five independent in-
variants. The tensor-valued function 𝑭 ∶ R3×3 → R3×3 can be expressed
as:

𝒃 =
10
∑

𝑖=1
𝑔𝑖(𝜆1,… , 𝜆5)𝑻 𝑖, (20)

where:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑻 1 = 𝑺, 𝑻 6 = 𝑹2𝑺 + 𝑺𝑹2 − 2
3𝑰 ⋅ tr

(

𝑺𝑹2) ,

𝑻 2 = 𝑺𝑹 −𝑹𝑺, 𝑻 7 = 𝑹𝑹2 −𝑹2𝑺𝑹,

𝑻 3 = 𝑺2 − 1
3𝑰 ⋅ tr

(

𝑺2) , 𝑻 8 = 𝑺𝑹𝑺2 − 𝑺2𝑹𝑺,

𝑻 4 = 𝑹2 − 1
3𝑰 ⋅ tr

(

𝑹2) , 𝑻 9 = 𝑹2𝑺2 + 𝑺2𝑹2 − 2
3𝑰 ⋅ tr

(

𝑺2𝑹2) ,

𝑻 5 = 𝑹𝑺2 − 𝑺2𝑹, 𝑻 10 = 𝑹𝑺2𝑹2 −𝑹2𝑺2𝑹,

(21)

1 = tr
(

𝑺2) , 𝜆2 = tr
(

𝑹2) , 𝜆3 = tr
(

𝑺3) , 𝜆4 = tr
(

𝑹2𝑺
)

,

𝜆5 = tr
(

𝑹2𝑺2) . (22)

This turbulent model was first proposed by Pope [18] and the same
4

notation is applied in the present study.
.4. Tensor basis neural network

Ling et al. [20] developed a neural network architecture named
he tensor basis neural network (TBNN) to implement Pope’s turbulent
odel. Fig. 3 represents the schematic of TBNN-5. The TBNN-5 means
BNN with five input features which is the same with Pope’s turbulent
odel. A fully connected neural network with five input neurons and

en output neurons produces 𝑔𝑖(1 ≤ 𝑖 ≤ 10). The output layer values
hen are applied as dot product with the 10 input tensors. The loss
unction is the mean square error (MSE) of the output tensor.

In the 𝑘−𝜔 turbulent model, the Reynolds stress tensor is modeled
y Eq. (6), which means that the Reynolds stress anisotropy tensor of
he RANS model is also a deterministic function of 𝑺. In the present
tudy, the discrepancy of 𝛥𝒃 between the high-fidelity data and RANS
ata will slightly reduce data fluctuations such as the scalar function
𝑖. Therefore, a tensor-valued function 𝑭 1 ∶ R3×3 → R3×3 is trained by
he neural network the same as the TBNN in the present study:

𝒃 =
10
∑

𝑖=1
𝑔𝑖(𝜆1,… , 𝜆5)𝑻 𝑖. (23)

he neural network structure is the same as Fig. 3 shows, and the values
f 𝑔𝑖 and 𝑻 𝑖 are the same as Eqs. (21) and (22) display. Meanwhile, a
ully connected neural network (FCNN) model is also trained to obtain
egression function 𝑭 as Fig. 4 shows. The input layer contains the five
nvariants, and the output layer is the six independent values of 𝛥𝒃.

The mean strain rate tensor and mean rotation rate tensor are
considered in the Pope turbulent model [18]. In the present study, we
account for the turbulent kinetic energy gradient reflecting historical
characteristics of turbulence [21–23] in turbulent modeling, which
includes establishing a tensor function as follows:

𝛥𝒃 = 𝑭 𝟐(𝑺,𝑹, ∇̂𝑘), (24)

where ∇̂𝑘 is the non-dimensional ∇𝑘 by non-dimensional coefficient
𝜖

√

𝑘
[22]:

∇̂𝑘 = ∇𝑘
(| 𝜖

√ | + |∇𝑘|)
. (25)
𝑘
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Fig. 4. Schematic of FCNN-5 model. A fully connected neural network contains an
input layer (five invariants based on 𝑺 and 𝑹), hidden layer and output layer (six
independent values of 𝛥𝒃).

The complete invariants set based on 𝑆, 𝑅 and ∇̂𝑘 are as follows: [34,
35]:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑻 1 = 𝑺, 𝑻 6 = 𝑹2𝑺 + 𝑺𝑹2 − 2
3𝑰 ⋅ tr

(

𝑺𝑹2) ,

𝑻 2 = 𝑺𝑹 −𝑹𝑺, 𝑻 7 = 𝑹𝑹2 −𝑹2𝑺𝑹,

𝑻 3 = 𝑺2 − 1
3𝑰 ⋅ tr

(

𝑺2) , 𝑻 8 = 𝑺𝑹𝑺2 − 𝑺2𝑹𝑺,

𝑻 4 = 𝑹2 − 1
3𝑰 ⋅ tr

(

𝑹2) , 𝑻 9 = 𝑹2𝑺2 + 𝑺2𝑹2 − 2
3𝑰 ⋅ tr

(

𝑺2𝑹2) ,

𝑻 5 = 𝑹𝑺2 − 𝑺2𝑹, 𝑻 10 = 𝑹𝑺2𝑹2 −𝑹2𝑺2𝑹,

(26)

𝜆1 = tr
(

𝑺2) , 𝜆2 = tr
(

𝑹2) , 𝜆3 = tr
(

𝑺3) , 𝜆4 = tr
(

𝑹2𝑺
)

,

𝜆5 = tr
(

𝑹2𝑺2) , 𝜆6 = ∇̂𝑘 ⋅ 𝑺∇̂𝑘, 𝜆7 = ∇̂𝑘 ⋅ 𝑺2∇̂𝑘, 𝜆8 = ∇̂𝑘 ⋅𝑹2∇̂𝑘,

𝜆9 = ∇̂𝑘 ⋅ 𝑺𝑹∇̂𝑘, 𝜆10 = ∇̂𝑘 ⋅ 𝑺2𝑹∇̂𝑘, 𝜆11 = ∇̂𝑘 ⋅𝑹𝑺𝑹2∇̂𝑘,

𝜆12 = ∇̂𝑘 ⋅ ∇̂𝑘.

(27)

It should be noted that the aforementioned invariant set is complete
and irreducible, but it is not a minima set. The training of neural
networks may be impacted by the presence of implicit function rela-
tionships between invariants, but it has no significant impact in the
present study. The research of irreducible complete minima invariants
set is planed.

2.5. Propagation of the predicted anisotropy tensor

The C++ based open source CFD toolbox OpenFOAM is used to
simulate the RANS flow field. The 𝑘 − 𝜔 turbulent model is used
in the present study. In the present study, we basically follow this
propagation procedure with an underrelaxing coefficient to enhance the
conditioning [20]. The Reynolds stress 𝝉 is treated as:

𝝉 = 2
3
𝑘𝑰 + 2𝑘𝒃𝑀𝐿, (28)

where 𝒃𝑀𝐿 is obtained from the ML model, and 𝑘 is calculated by the
kinetic energy governing equation with the modified production term
−𝝉 ∶ ∇�̄�.

The procedure of the present study is summarized as follows:

1. Collect the high-fidelity LES/DNS/experimental turbulence data
from the turbulence database. Simulate the baseline flow field
by OpenFOAM based on 𝑘 − 𝜔 RANS turbulent model.

2. Calculate the tensor basis 𝑻 𝑛 and tensor invariants 𝜆𝑖 based on
the RANS results. Calculate the Reynolds stress anisotropy tensor
𝑏 based on high-fidelity turbulent data.
5

𝑖𝑗 c
3. Training the regression function 𝑭 ∶ {𝑻 𝑛, 𝜆𝑖} ↦ 𝛥𝒃 and 𝑭 ∶
𝜆𝑖 ↦ 𝛥𝒃 based on data prepared in the previous step and machine
learning algorithm.

4. Propagate the predicted anisotropy tensor into the SIMPLE al-
gorithm with a modified 𝑘 production term, and the new RANS
flow field is simulated.

Fig. 5 represents the training framework of the present study. The
flow case data will be divided into a training set and a testing set. The
models trained in the present study are the FCNN-5, FCNN-12, TBNN-
5 and TBNN-12 models. The FCNN-5 model establishes the regression
function of five invariants based on 𝑺 and 𝑹 with an output of 𝛥𝒃.
The FCNN-12 is based on the 12 invariants based on 𝑺, 𝑹 and ∇̂𝑘.
The output of the FCNN model is 𝛥𝒃 ∈ R1×6. Compared with the
FCNN model, the TBNN model will produce the scalar function values
𝑔𝑖 ∈ R1×10 and dot product 𝑔𝑖 with tensor basis 𝑇 𝑛 ∈ R3×3×10, and the
output tensor is the sum of the products in the third dimension. More
specifically, the input layer of FCNN-5 model is five invariants of 𝑺, 𝑹
nd that of FCNN-12 model is the 12 invariants based on 𝑺, 𝑹 and ∇̂𝑘.

3. Results and discussion

3.1. Turbulence datasets

In the present study, five flow cases are involved in machine learn-
ing procedures. The DNS and highly resolved LES data are available.
The corresponding RANS data are obtained by the 𝑘−𝜔 turbulent model
or the Reynolds stress [36,37]. Fig. 6 displays the flow cases used in
he present study. Five types of relevant flow cases are:

• Periodic hills (PH): The data of periodic hill flow fields are
obtained from Breuer et al. [29]. The Reynolds number 𝑅𝑒 ranges
from 700 to 10595 (𝑅𝑒 = 700, 1400, 2800, 5600, 10595). Five cases
are included in the present study.

• Converging-diverging channel (CD): The DNS data of the
converging-diverging channel flow field is obtained from Marquil-
lie et al. [38] at 𝑅𝑒 = 13700. Public download access to the data
is available.1

• Curved backward-facing step (CBFS): The LES data of curved
backward-facing step flow field is obtained from Bentaleb et al.
[39] and the Reynolds number 𝑅𝑒 is 12 600.2

• Backward-facing step (BFS): The DNS data of backward-facing
step flow field is obtained from Le et al. [40] at 𝑅𝑒 = 5100.3

• Square duct (SD): The square duct flow field contains data from
eight flow fields with 𝑅𝑒 ranging from 1800 to 3500 from Pinelli
et al. [41]. The Reynolds numbers 𝑅𝑒 are 1800, 2000, 2200, 2400,
2600, 2900, 3200 and 3500.

In the present study, the testing set consists of PH (𝑅𝑒 = 5600) and
D (𝑅𝑒 = 3500), and the remaining data are the training and validation
ata of the present study. The MLP model contains 16 hidden layers
ith a combination of 15, 50, 50, 150, 150, 150, 300, 300, 300, 300,
00, 150, 150, 150, 50, and 15 neurons per layer. The structure are
etermine based on Parashar et al. [42] with parameter optimization.
ine-tuning the network structure parameters has little impact on the
rediction results. Kaiming initialization method [43] is applied to
he linear layer. LeakyReLU and batch normalization are used for
he activator. The Adam optimizer [44], with the initial learning rate
.0 × 10−6 and a decay rate of 0.999 for TBNN models and 5.0 × 10−7

1 https://turbmodels.larc.nasa.gov/Other_DNS_Data/conv-div-
hannel12600.html.

2 https://turbmodels.larc.nasa.gov/Other_LES_Data/curvedstep.html.
3 http://cfd.mace.manchester.ac.uk/ercoftac/doku.php?id=cases:
ase031&s[]=backward&s[]=facing&s[]=step.

https://turbmodels.larc.nasa.gov/Other_DNS_Data/conv-div-channel12600.html
https://turbmodels.larc.nasa.gov/Other_DNS_Data/conv-div-channel12600.html
https://turbmodels.larc.nasa.gov/Other_LES_Data/curvedstep.html
http://cfd.mace.manchester.ac.uk/ercoftac/doku.php?id=cases:case031&s[]=backward&s[]=facing&s[]=step
http://cfd.mace.manchester.ac.uk/ercoftac/doku.php?id=cases:case031&s[]=backward&s[]=facing&s[]=step
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Fig. 5. Framework of the present study. 𝑻 𝑖 and 𝜆𝑖 are the tensor basis and invariants obtained from the training set RANS flow case; the multilayer perceptron (MLP) with linear,
batch normalization (BN) and LeakyReLU activator layers are established; the TBNN method applies a dot product with the MLP output layer (R1×10) with corresponding 𝑻 𝑖 and
summary; the FCNN method will directly output 𝛥𝒃.
Fig. 6. Flow cases used in the present study. The BFS flow case is displayed through velocity in the 𝑥 direction (blue represents negative value, yellow represents positive value),
and the other flow cases are displayed through the turbulent state. The SD flow case only presents the upper right quadrant of the duct, where the flow in the duct removes-of-plane.
for FCNN models, are applied for training. To avoid overfitting, early
stopping is applied in the training process. The incorporation of batch
normalization layers has shown a beneficial impact on the prediction
results. Fig. 7 displays the selected learning rate curve and loss curve in
TBNN case. The learning rate in training process is gradually decrease.
Mean Square Error (MSE) is applied for loss function, and early stop-
ping is applied in the training process to prevent overfitting when loss
function value 𝐿 does not decrease in 800 epochs. It can be observed
that there is no significant overfitting during the training. Each training
6

session takes approximately one hour in the present study based on the
A100 GPU.

3.2. Reynolds stress anisotropy tensor 𝑏𝑖𝑗 predictions

In this section, the Reynolds stress anisotropy tensors 𝑏𝑖𝑗 of the test
set are displayed. Fig. 8 displays the contour plot of the 𝑏𝑖𝑗 prediction
values of the PH case at 𝑅𝑒 = 5600. The DNS data are obtained
from Breuer et al. [29]. The 𝑏 of 𝑘 − 𝜔 turbulent model data is
𝑖𝑗
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Fig. 7. Variation learning rate and loss function with training epochs. Left: learning rates 𝑙𝑟; right: loss function 𝐿 in training and validation set. Mean Square Error (MSE) is
applied for loss function.
Fig. 8. 𝑏𝑖𝑗 prediction values of PH at 𝑅𝑒 = 5600. 𝑘 − 𝜔 data is the RANS turbulent model prediction values.
derived from Eq. (6). The input data of the FCNN and TBNN models are
normalized by the mean and std values of the training dataset. Since
the flow is homogeneous in the 𝑧 direction, the 𝑏13 and 𝑏23 components
are zero [36]. Here, we represent the other 4 independent values of 𝑏𝑖𝑗 .

It can be noticed that the 𝑘−𝜔 turbulent model can only predict the
𝑏12 component with acceptable accuracy. We can see that the machine
learning turbulent model can not only predict the 𝑏12 values but the rest
components. The root mean square error (RMSE) values of different
prediction values versus DNS values are displayed in Table 2. The
machine learning based turbulent models yield much better results
than traditional turbulence models based on the Boussinesq hypothesis.
While the prediction values of machine learning models show higher
accuracy but poor continuity. This could be attributed to the size
of the dataset used for training and also demonstrates that machine
learning turbulence models might exhibit some bias in generalization
predictions. The machine learning algorithm searches for a mapping
relationship between input and output rather than a predetermined
function. The poor continuity also has been found in related studies,
a postprocess procedures like Gaussian filter are applied to improve
the prediction results and some data smoothing methods based on prior
knowledge are applied to obtain better continuity for machine learning
turbulence model prediction [36,45]. In the present study, the direct
prediction is displayed with no filtering since the postprocess proce-
dures have not been investigated thoroughly. Meanwhile, MLP model is
a pointwise constrained neural network structure that does not account
for the spatial distribution of data, leading to the loss of neighborhood
information. Some studies, such as Fang [46], attempt to enhance the
predictive capabilities of PINN models by integrating convolutional
neural network (CNN) models to incorporate neighborhood influence
and reduce function space. Related research will be conducted further.
7

Table 1
𝑏𝑖𝑗 prediction values of PH at 𝑅𝑒 = 5600. 𝑘 − 𝜔 data is the RANS turbulent model
prediction values.

RMSE value Model

RANS FCNN-5 FCNN-12 TBNN-5 TBNN-12

𝑏11 0.1975 0.0646 0.0611 0.0811 0.0531
𝑏22 0.1743 0.0428 0.0318 0.0638 0.0251
𝑏33 0.0948 0.0504 0.0516 0.0667 0.0452
𝑏12 0.0658 0.0384 0.0321 0.0483 0.0253

𝑏𝑖𝑗 0.0984 0.0357 0.0324 0.0469 0.0307

Both the FCNN and TBNN models can predict more accurate values
with involvement of ∇𝑘 in the present study, as shown in Table 1. In the
FCNN model, a direct mapping between the invariants of fluid data and
the Reynolds stress anisotropy tensor is established. The TBNN model
adds a restriction of the scalar function 𝑔𝑖 with a certain function struc-
ture, which decreases the overall neural network’s capacity, similar to
the PINN model [6]. Therefore, the predictions of the TBNN model
exhibit comparable or even greater errors of the FCNN model but yield
smoother results.

Fig. 9 represents the turbulent states of different turbulent models
in PH flow at 𝑅𝑒 = 5600. The contours are colored by the RGB colormap
shown in Fig. 1. It can be seen that there exists 1-component turbulence
(red) along the upper wall and 2-component turbulence (green) close
to the upper and lower walls. At 𝑥∕ℎ = 8, there exists a strong
1-component turbulence, which is named the splatting effect [47].

The 𝑘 − 𝜔 turbulent model cannot predict any turbulent state
precisely, and it remains a plane strain turbulent state. In the splatting
effect region, the large-scale eddies generated in the shear layer are
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Fig. 9. Turbulent states of different turbulent models in PH flow case visualized with the RGB colormap in Fig. 1.
Fig. 10. 𝑏𝑖𝑗 prediction values of SD at 𝑅𝑒 = 3500. 𝑘 − 𝜔 data are the RANS turbulent model prediction values.
convected downstream onto the upward slope, causing a high level of
fluctuations in the 𝑧-direction. This also indicates that eddy viscosity
models, which do not take into account such transport effects, will
not be able to capture high anisotropy due to splatting. Thus, the
machine learning-based turbulent model can predict these near-wall
turbulent states with better precision than the 𝑘− 𝜔 model. There also
exists the continuity drawback for the machine learning based turbulent
model, but the TBNN model is smoother than the FCNN model, due
to the FCNN-12 and TBNN-12 model execute predictions with form
constraints.

Fig. 10 represents the 𝑏𝑖𝑗 prediction values of the square duct flow
case at 𝑅𝑒 = 3500. All six components of 𝑏𝑖𝑗 are nonzero. The 𝑘 − 𝜔
turbulent model predicts zero values in 𝑏11, 𝑏22, 𝑏33 and 𝑏23 since the
RANS simulation does not yield any velocities in the 𝑦 direction and
𝑧 direction, and the velocity in the 𝑥 direction is fully developed with
𝜕�̄� = 0.
8

𝜕𝑥
Table 2 displays the RMSE values of 𝑏𝑖𝑗 prediction values of different
models compared with DNS data. Similar to the periodic hill flow case,
the model with ∇𝑘 will produce a better prediction of 𝑏𝑖𝑗 . Fig. 11
represents the turbulent states of different turbulent models in the
SD flow case at 𝑅𝑒 = 3500. It can be seen that in most regions,
the turbulent state presents a mix of 1-component turbulence and 3-
component turbulence. The velocity fluctuation in the 𝑥 direction 𝑢
dominates the turbulence of the 1-component turbulent state. Within
the diagonal region of the flow case, the 3-component turbulent state
is dominant with interaction with velocity in the 𝑦 and 𝑧 directions. The
machine learning-based turbulent model can predict the 1-component
turbulent well of the near wall. The machine learning turbulent model
prediction values lack continuity when modeling a mixed turbulent
state. However, the 𝑘 − 𝜔 turbulent model cannot produce a precise
turbulent state.
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Fig. 11. Turbulent states of different turbulent models in the SD flow case visualized with the RGB colormap in Fig. 1.
Fig. 12. Predicted flow velocity distribution in the periodic hill flow case. The 𝑏𝑖𝑗,𝐷𝑁𝑆 data are obtained by propagating the 𝑏𝑖𝑗 of the DNS data.
Table 2
RMSE values of 𝑏𝑖𝑗 predictions of different models on the square duct case.

RMSE value Model

RANS FCNN-5 FCNN-12 TBNN-5 TBNN-12

𝑏11 0.4280 0.0226 0.0129 0.0350 0.0302
𝑏12 0.5000 0.0142 0.0117 0.0145 0.0126
𝑏13 0.0488 0.0144 0.0117 0.0140 0.0120
𝑏22 0.2190 0.0142 0.0087 0.0186 0.0122
𝑏23 0.0127 0.0030 0.0027 0.0020 0.0016
𝑏33 0.2191 0.0144 0.0087 0.0185 0.0122

𝑏𝑖𝑗 0.1792 0.0139 0.0098 0.0174 0.0142

3.3. Flow velocity profile predictions

The flow fields obtained by propagating the Reynolds stress
anisotropy tensor (as stated above) are displayed. The flow velocity
profile based on 𝑏𝑖𝑗,𝐷𝑁𝑆 is obtained by propagating the Reynolds stress
anisotropy tensor from high-fidelity data. It is the optimal prediction
outcome achievable with the machine learning based turbulence model
proposed in the present study. Fig. 12 represents the flow velocity
distribution in the periodic hill flow case at 𝑅𝑒 = 5600. The velocity
distribution of the RANS model is close to that of the DNS result
even with inaccurate turbulent state prediction. The velocity profile
with machine learning-based 𝑏𝑖𝑗 only slightly increases the accuracy
in the 𝑢𝑦 and 𝑢𝑧 flow field prediction and contains less accuracy in 𝑢𝑥
velocity field as Table 3 shows. Fig. 13 represents the corresponding
flow velocity distribution of 𝑥∕ℎ = 1 to 9 of the periodic hill flow case.
The velocity distribution of the RANS model is close to that of the DNS
result even with inaccurate turbulent state prediction. The machine
learning turbulent model can slightly increase the accuracy in the flow
field prediction as Fig. 13(a) shows. Overall, in the present study, the
velocity predictions based on the machine learning turbulence model
are generally positioned between the RANS and DNS results in the
periodic hill flow cases.

Fig. 14 represents the velocity prediction result in square duct
flow cases. The 𝑏𝑖𝑗,𝐷𝑁𝑆 is obtained by propagating the Reynolds stress
anisotropy tensor from DNS data. The results demonstrate that the
machine learning turbulence models can predict the secondary flow
phenomenon caused by Reynolds anisotropy stress. Meanwhile, due to
the relatively discontinuous 𝑏𝑖𝑗 predictions, the flow fields predicted
by machine learning models show lower continuity compared to those
9

based on DNS Reynolds shear stress tensor but not as pronounced as
𝑏𝑖𝑗 prediction. Table 4 represents the statistics results of the velocity
components in the SD flow case. Similar to the periodic hill flow
case, the 𝑢𝑥 prediction with 𝑏𝑖𝑗 is with less accuracy compared with
machine learning turbulence model. This implies that the model shown
in the present study may not be the most suitable for RANS simulations
(𝑏𝑖𝑗,𝐷𝑁𝑆 is the best performance the model can achieve), and further
research is needed. This implies that DNS data may not be the most
suitable for RANS simulations, and further research is needed. Fig. 15
represents the in-plane mean velocity magnitude

√

𝑢2𝑦 + 𝑢2𝑧 (𝑢𝑦 repre-
sents the velocity component in the 𝑦 direction, coordinate of square
duct flow case is shown in Fig. 6), which indicates the magnitude of the
secondary flow of the square duct. The FCNN-5 and TBNN-5 results are
omitted here. It has proven difficult to predict square duct secondary
flow using conventional turbulence models. Here one section 𝑦∕ℎ = 0.50
in the square duct flow case at 𝑅𝑒 = 3500 is represented. The DNS data,
and the data by propagating DNS 𝑏𝑖𝑗 and predicted 𝑏𝑖𝑗 are shown.

Furthermore, the results from the quadratic eddy viscosity model
[48] and cubic eddy viscosity model [49] are displayed. The RANS data
based on 𝑘 − 𝜔 turbulent model are omitted here since the magnitude
remains zero. Compared with periodic hill flow case, Reynolds stress
anisotropy has a bigger impact on the square cavity flow. The Reynolds
anisotropy stress is a significant factor for secondary flow [41]. The
machine learning based turbulent model can predict the component of
𝑏𝑖𝑗 in the flow direction (𝑥 direction) which results in a better velocity
profile prediction.

The DNS mean velocity profile is roughly reproduced by propagat-
ing 𝑏𝑖𝑗,𝐷𝑁𝑆 but there still exists some difference. The peak value and
location are predicted well. The near-wall region (𝑧∕ℎ ≈ 1) matches
well with the DNS data, and the location of the peak value in region
𝑧∕ℎ ∈ [0.3, 0.8] is incorrectly predicted with an error of 0.10. The worst
prediction occurs near 𝑧∕ℎ = 0. The TBNN-12 model achieves relatively
better prediction than FCNN12, with reduced amplitude in the machine
learning-based turbulent model predictions. While FCNN can produce
𝑏𝑖𝑗 predictions with reduced RMSE, the TBNN model achieved a slightly
accurate prediction in the region 𝑧∕ℎ ∈ [0.3, 0.8]. Therefore, the form
constraint with prior physical or mathematics knowledge can improve
the prediction of flow velocity profiles.

For the nonlinear eddy viscosity turbulent model, the prediction
peak values of the in-plane velocity magnitude are quite poor. The
quadratic turbulent model in Shih [48] can produce relatively correct
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Table 3
RMSE values of velocity predictions of different models in the periodic hill flow case.

RMSE value Model

RANS 𝑏𝑖𝑗,𝐷𝑁𝑆 FCNN-5 FCNN-12 TBNN-5 TBNN-12

𝑢𝑥 0.0515 0.0588 0.0514 0.0508 0.0535 0.0511
𝑢𝑦 0.0122 0.0121 0.0120 0.0123 0.0132 0.0122

Sum value 0.0637 0.0709 0.0634 0.0630 0.0666 0.0633
Table 4
RMSE values of velocity predictions of different models in the square duct flow case.

RMSE value Model

RANS 𝑏𝑖𝑗,𝐷𝑁𝑆 FCNN-5 FCNN-12 TBNN-5 TBNN-12

𝑢𝑥 0.0412 0.0838 0.0748 0.0743 0.0732 0.0728
𝑢𝑦 0.0032 0.0016 0.0021 0.0021 0.0020 0.0019
𝑢𝑧 0.0032 0.0016 0.0021 0.0021 0.0019 0.0019

Sum value 0.0475 0.0869 0.0790 0.0784 0.0772 0.0765
Fig. 13. Predicted flow velocity distribution in the periodic hill flow case. The RANS values are obtained from the 𝑘−𝜔 model. The 𝑏𝑖𝑗,𝐷𝑁𝑆 data are obtained by propagating the
𝑏𝑖𝑗 of the DNS data. (a) velocity distribution at 𝑥∕ℎ = 1.0; (b) velocity distribution at different location. Results in the black box are displayed in sub-figure (a).
Fig. 14. Predicted flow velocity profiles in the square duct flow case. The RANS values are obtained from the 𝑘 − 𝜔 model. The 𝑏𝑖𝑗,𝐷𝑁𝑆 data are obtained by propagating the 𝑏𝑖𝑗
of the DNS data.
flow velocity trends but with insufficient amplitude. Meanwhile, the
prediction values given by the cubic turbulent model in Lien [49]
are generally incorrect. Compared with the nonlinear eddy viscosity
model, the machine learning-based turbulent model predicts a much
more accurate velocity profile. Nevertheless, the 𝑏𝑖𝑗 profile is highly
sensitive to the velocity profile, and even a small change in 𝑏𝑖𝑗 can
result in a different velocity profile, such as is seen in the TBNN-12
and FCNN-12 models. The ultimate goal of machine learning based
10
turbulent model is to implement turbulence simulation with high gen-
eralization capability, and appropriate feature selection is continuously
being researched. Future studies should aim to enhance the continuity
of the turbulence model based on machine learning. Schmelzer et al.
[50] and Weatheritt and Sandberg [51] proposed different symbolic
regression methods to develop an explicit formula to enhance the
continuity and numerical stability. However, these methods have only
been applied to establish mapping {𝑺,𝑹} ↦ 𝒃. Li et al. [52] also found
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Fig. 15. In-plane mean velocity profiles at section 𝑦∕ℎ = 0.50 of the square duct at 𝑅𝑒 = 3500. The cubic and quadratic models are nonlinear eddy viscosity models in Shih [48]
and Lien [49].
that the TBNN model is detrimental in some cases simulation, more
studies about the applicability studies will also be conducted. A more
accurate turbulent model based on invariants will be investigated in
the future.

4. Conclusion

In the present study, a comparative study of Reynolds stress ten-
sor prediction methods based on invariance preservation is studied.
Two kinds of machine learning structures, FCNN and TBNN, are in-
vestigated. Two invariant input sets based on 𝑺,𝑹 and 𝑺,𝑹,∇𝑘 are
onsidered. The models are trained based on RANS flow fields (𝑘 − 𝜔)
or input and the anisotropy tensor from high-fidelity data for output.
ensor basis neural network [20] and fully connected neural network
re applied for training. Machine learning based on invariants ensures
alilean invariance of the turbulent model.

The prediction of the Reynolds stress anisotropy tensor 𝑏𝑖𝑗 and
low profile by propagating 𝑏𝑖𝑗 are investigated in the present study.
mprovement is observed with respect to the baseline simulations with
he 𝑘 − 𝜔 model. The FCNN model obtains a better prediction of 𝑏𝑖𝑗

but shows less accuracy in the flow velocity profile compared with
TBNN model. The TBNN model involves a form of constraint based on
prior knowledge and improves the turbulent states. The inclusion of ∇𝑘
can increase the prediction accuracy of the Reynolds stress anisotropy
tensor and flow velocity profile in comparison to the invariants defined
based on 𝑺, 𝑹. Compared with the traditional nonlinear turbulent
model [48,49], the machine learning-based turbulent model can im-
prove the Reynolds stress anisotropy tensor and flow velocity profile
prediction.

The drawback of the present study is that the continuity of 𝑏𝑖𝑗 are
relatively poor. Research on the explicit symbolic regression method
[50,51] can be further applied for the invariant set based turbulent
model, different from the implicit gradient decent-based MLP model
as used here. Such a modification may improve the numerical sta-
bility and accuracy of the present work. Some different neural net-
work structure considering neighborhood influence such as CNN [46]
will be investigated further. Meanwhile, it can be observed that the
flow velocity distribution obtained based on the high-fidelity Reynolds
stress still deviates from DNS results. Studies about model-consistent
training [53] such as loop training [54] and training by indirect ob-
servation data [12] will be investigated in the future to obtain the
turbulent model more suitable for RANS simulation. Meanwhile, the
results demonstrate considering the turbulent energy gradient can in-
crease turbulence prediction accuracy, but this leads to an excess of
independent variables. Hence, feature selection research [9] will also
be carried out for future work.
11
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Fig. A.16. Visualization of tensor basis 𝑇 (1) in the SD flow case at 𝑅𝑒 = 3500. 𝑇 (1) is second order tensor with six independent value, the subplots correspond to the contours of
each component.
Appendix. Scalar invariants of symmetric and antisymmetric ten-
sors

For any second order tensor 𝑃𝑖𝑗 ∈ R3×3, we can deliver a symmetric
tensor 𝑆𝑖𝑗 and antisymmetric tensor 𝑊𝑖𝑗 as:

𝑆𝑖𝑗 =
1
2
(𝑃𝑖𝑗 + 𝑃𝑗𝑖), (A.1)

𝑊𝑖𝑗 =
1
2
(𝑃𝑖𝑗 − 𝑃𝑗𝑖). (A.2)

For a symmetric tensor, a simpler form based on the principal axis
system can be expressed as:

𝑆𝑖𝑗 =

⎡

⎢

⎢

⎢

⎣

𝑒1 0 0

0 𝑒2 0

0 0 𝑒3

⎤

⎥

⎥

⎥

⎦

, (A.3)

where 𝑒𝑖 is the principal components of 𝑆𝑖𝑗 in the direction of the
principal axis. And the antisymmetric tensor can be expressed as:

𝑊𝑖𝑗 =
1
2

⎡

⎢

⎢

⎢

⎣

0 𝜔3 𝜔2

−𝜔3 0 𝜔1

−𝜔2 −𝜔1 0

⎤

⎥

⎥

⎥

⎦

. (A.4)

There are three main invariants of 𝑆𝑖𝑗 expressed as:

𝐽1 = 𝑒1 + 𝑒2 + 𝑒3,

𝐽2 = 𝑒21 + 𝑒22 + 𝑒23,

𝐽3 = 𝑒31 + 𝑒32 + 𝑒33.

(A.5)

Additionally, widely used invariants called principle invariants are
expressed as follows:

𝐼1 = tr(𝑆𝑖𝑗 ) = 𝑒1 + 𝑒2 + 𝑒3,

𝐼2 =
1
2

(

(tr(𝑆𝑖𝑗 ))2 − tr
(

𝑆2
𝑖𝑗

))

= 𝑒1𝑒2 + 𝑒1𝑒3 + 𝑒2𝑒3,

𝐼3 = det(𝑆𝑖𝑗 ) = 𝑒1𝑒2𝑒3.

(A.6)

In [34,35,55], they all state that there exist seven invariants based
on symmetric and antisymmetric tensors:
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𝜆1 = 𝑡𝑟(𝑆𝑖𝑗 ), 𝜆2 = 𝑡𝑟(𝑆2
𝑖𝑗 ), 𝜆3 = 𝑡𝑟(𝑆3

𝑖𝑗 ),

𝜆4 = 𝑡𝑟(𝑊 2
𝑖𝑗 ), 𝜆5 = 𝑡𝑟(𝑆𝑖𝑗𝑊 2

𝑖𝑗 ), 𝜆6 = 𝑡𝑟(𝑆2
𝑖𝑗𝑊

2
𝑖𝑗 ), 𝜆7 = 𝑡𝑟(𝑆2

𝑖𝑗𝑊
2
𝑖𝑗𝑆𝑖𝑗𝑊𝑖𝑗 ).

(A.7)

However, Pope [18] only used the first six invariants for turbulent
modeling. Pope and the Ref. [31] have not clarified it, which induced
some reference mistakes [56]. It can be proven that 𝜆27 can be expressed
as a function of the first six invariants.

Following the above representation of 𝑆𝑖𝑗 and 𝑊𝑖𝑗 , we can have the
invariants 𝜆1 = 𝐽1, 𝜆2 = 𝐽2 and 𝜆3 = 𝐽3. 𝜆4 can be expressed as:

𝜆4 = 𝑡𝑟(𝑊 2
𝑖𝑗 ) = −1

2
(𝑤2

1 +𝑤2
2 +𝑤2

3), (A.8)

and 𝜆5 is:

𝜆5 =
1
4
(𝑒1𝑤2

1 + 𝑒2𝑤
2
2 + 𝑒3𝑤

2
3). (A.9)

The 𝜆6 can be expressed as:

𝜆6 = −1
4
[

(2𝐽2 − 𝐽1)(𝑤2
1 +𝑤2

2 +𝑤2
3) − (𝑒21𝑤

2
1 + 𝑒22𝑤

2
2 + 𝑒23𝑤

2
3)
]

, (A.10)

and the last invariants 𝜆7 can be expressed as:

𝜆7 = 𝑡𝑟(𝑆2
𝑖𝑗𝑊

2
𝑖𝑗𝑆𝑖𝑗𝑊𝑖𝑗 ) =

1
8
𝑤1𝑤2𝑤3

×
(

𝑒21𝑒2 − 𝑒21𝑒3 − 𝑒1𝑒
2
2 + 𝑒1𝑒

2
3 + 𝑒22𝑒3 − 𝑒2𝑒

2
3
)

(A.11)

= 1
8
(𝑒2 − 𝑒1)(𝑒3 − 𝑒2)(𝑒1 − 𝑒3)𝑤1𝑤2𝑤3. (A.12)

We can see that 𝜆7 is the function based on 𝑤𝑖. It is easy to find three
invariants based on 𝑤2

𝑖 from 𝜆4, 𝜆5 and 𝜆6, 𝜆27 can be expressed as:

𝜆27 =
[

𝑡𝑟(𝑆2
𝑖𝑗𝑊

2
𝑖𝑗𝑆𝑖𝑗𝑊𝑖𝑗 )

]2
= 1

64
(𝑒2 − 𝑒1)2(𝑒3 − 𝑒2)2(𝑒1 − 𝑒3)2𝑤2

1𝑤
2
2𝑤

2
3

(A.13)

= 1
128

[2𝐾3
1𝐼3 + 2𝐾1𝐾2𝐼3𝐽3 + 2𝐾2

1𝐾3𝐼3𝐽1

(A.14)

+𝐾1𝐾
2
2 (𝐽

2
2 − 𝐽1𝐽3 − 𝐼3𝐽2 + 𝐽2𝐼2) (A.15)

+ 2𝐾1𝐾2𝐾3(𝐽1𝐽2 − 𝐽3) + 2𝐾1𝐾
2
3𝐼2 +𝐾2

3𝐼3
(A.16)

+ 2𝐾2𝐾 𝐼 + 2𝐾 𝐾2𝐼 + 2𝐾3], (A.17)
2 3 2 2 3 1 3
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which means 𝜆27 = 𝑓 (𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5, 𝜆6), so the seven invariants are not
independent. There only exist six independent invariants of 𝜆1 to 𝜆6. In
fact, this phenomenon is called syzygy in tensor function community,
which means that the invariants are related by an implicit function. A
similar proof can also be found in Fu et al. [57]. In Refs. [34,35,55],
the complete set of invariants is given, not a minimum complete set. In
the training process based on tensor function theory, there may exist
inappropriate data weights of different invariants. Fig. A.16 displays
the contour plot of the tensor basis 𝑇 (1) of the square duct flow case at
𝑅𝑒 = 3500.
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